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Abstract—1t is well known that there is inherent radiation
pattern distortion for the commercial base station antenna array,
which usually needs three antenna sectors to cover the whole
space. To eliminate pattern distortion and further enhance beam-
forming performance, we propose an electromagnetic hybrid
beamforming (EHB) scheme based on a three-dimensional (3D)
superdirective holographic antenna array. Specifically, EHB con-
sists of antenna excitation current vectors (analog beamforming)
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and digital precoding matrices, where the implementation of
analog beamforming involves the real-time adjustment of the
radiation pattern to adapt it to the dynamic wireless environ-
ment. Meanwhile, the digital beamforming is optimized based
on the channel characteristics of analog beamforming to fur-
ther improve the achievable rate of communication systems.
An electromagnetic channel model incorporating array radia-
tion patterns and the mutual coupling effect is also developed
to evaluate the benefits of our proposed scheme. Simulation
results demonstrate that our proposed EHB scheme with a 3D
holographic array achieves a relatively flat superdirective beam-
forming gain and allows for programmable focusing directions
throughout the entire spatial domain. Furthermore, they also
verify that the proposed scheme achieves a sum rate gain of over
150% compared to traditional beamforming algorithms.

Index Terms— Mutual coupling, superdirectivity, holographic
antenna array, electromagnetic hybrid beamforming.

I. INTRODUCTION

G COMMUNICATIONS have greatly benefited from

the massive multiple-input-multiple-output (MIMO) and
beamforming technologies, which have been proven to be
effective in enhancing communication rates and reliability,
leading to significant advancements compared with 4G com-
munications. However, the radiation pattern of massive MIMO
antenna arrays in commercial base stations has a narrow
angular spread of approximately +60 degrees [1, Fig. 4.26],
which usually have the inherent radiation pattern distortion
(i.e., radiation pattern that is non-uniform in the angular
domain), especially for the directions of edge users, where the
quality of service is relatively poor. In other words, a typical
commercial antenna array usually exhibits a radiation gain loss
of more than 4 dB (up to 20 dB especially for fixed broadside
beamforming) in the edge directions, i.e., 60-degree direction,
compared with the 0-degree (normal direction) [1, Fig. 6.7].
It is natural to think if it is possible to achieve a consistent
and high-gain radiation pattern for users in all directions by
leveraging a programmable radiation pattern and beamforming
approaches.

A. Prior Works

Hybrid beamforming in millimeter wave or terahertz com-
munication systems can partially address this issue, but
its primary objectives remain to reduce hardware cost and
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optimize both the digital and analog beamforming matrices
to approach the performance of digital solutions. Specif-
ically, Huang et al. [2] proposed a hybrid beamforming
architecture that combines low-cost analog radio-frequency
(RF) chains with digital baseband precoding. Subsequently,
Orthogonal Matching Pursuit (OMP) was employed for sparse
channel reconstruction [3]. Moreover, corresponding channel
estimation and beamforming algorithm designs based on a
hierarchical multi-resolution codebook were also provided.
Yu et al. [4] evaluated the performance of fully-connected
and partially-connected hybrid beamforming schemes based
on the principle of alternating minimization. By contrast,
a sub-connected architecture was proposed in [5], where
the successive interference cancellation method is employed
to derive closed-form digital and analog precoders. Li and
Alkhateeb [6] introduced a deep learning approach to hybrid
beamforming design with channel encoder and precoder net-
works to perform compressive channel sensing and hybrid
beam prediction, respectively. Moreover, a dynamic array-
of-subarray architecture was further proposed, where the
connections between analog precoders and RF chains can be
dynamically adjusted to be adaptive to different channel con-
ditions [7]. Although the analog part of hybrid beamforming
can optimize the radiation pattern to some extent, it cannot
completely eliminate the problem of pattern distortion.

To solve this problem, there have been some works showing
that superdirectivity can be a potential approach to address
the issue of distortion in edge radiation patterns. Specifically,
by employing highly directive spatial beams, it is possible to
achieve minor sidelobe energy leakage and improve the array
gain. In superdirectivity antenna theory, excitation current vec-
tor and array geometry design have been investigated in earlier
research [8], [9], [10], [11], [12]. It was demonstrated in [8]
and [9] that the directivity of a linear array of M isotropic
antennas can reach M? as the spacing between antennas
approaches zero. Furthermore, the near-field characteristics of
superdirectivity were investigated in [13] from a linear trans-
formation perspective. Subsequent research in this field [10],
[11], [12] mainly focused on the excitation coefficient design
for superdirective beams under different application limita-
tions. Although several limitations of superdirective antenna
arrays have been identified, such as low radiation efficiency,
high excitation precision requirements, and low bandwidth,
the mutual coupling effect for antenna elements with intervals
less than half the wavelength is ignored in the aforementioned
works. In 2019, Marzetta [14] introduced the concept of
superdirective arrays into communication systems. For further
improved beamforming gain, subsequent works [15], [16],
[17] proposed mutual coupling-based superdirective antenna
arrays. Specifically, in the proposed analog beamforming
technique, mutual coupling effects were utilized to generate
superdirective spatial beams [15], [16], which is a desirable
radiation pattern for further improvement of system perfor-
mance. Through simulations and experimental measurements,
M? directivity has been verified in the end-fire direction for
linear arrays [16]. Although superdirectivity can address the
pattern distortion issue for edge users, it may not provide
coverage for other spatial regions.
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Furthermore, superdirectivity requires densely placed
antenna elements, which aligns with the recently proposed
concept of holographic MIMO (HMIMO). HMIMO is an
advanced technology building upon the concept of massive
MIMO and involves integrating a massive (possibly infinite)
number of antennas into a compact space. The pioneering
works [18] and [19] provided an initial introduction to the
emerging HMIMO wireless communication, in particular the
available HMIMO hardware architectures, functionalities and
characteristics. Such surfaces comprising dense electromag-
netic (EM) excited elements are capable of recording and
manipulating impinging fields with utmost flexibility and
precision, in addition to reduced cost and power consumption,
thereby shaping arbitrary-intended EM waves with high energy
efficiency. Furthermore, a comprehensive overview of the
latest advances in the HMIMO communications paradigm
is presented in [20], with a special focus on their physical
aspects, theoretical foundations, as well as the enabling tech-
nologies for HMIMO systems.

In particular, the degree-of-freedom (DOF) characteristics of
HMIMO were investigated in [21] for far-field communication
scenarios, revealing the optimized spatial sampling locations
of electromagnetic fields on HMIMO surfaces. To enable
near-field HMIMO communications, the additional near-field
DOF performance was revealed in [22]. Moreover, [23], [24],
and [25] further investigated near-field characteristics and
performances of HMIMO systems. Additionally, the mutual
coupling effect between antenna elements is prevalent in dense
HMIMO arrays and the impact of mutual coupling on array
radiation pattern and HMIMO performance was numerically
studied in [26]. For the hardware design and implementation,
an electromagnetic modulation scheme of HMIMO were pro-
posed in [27], which is enabled by metamaterial antennas with
tunable radiated amplitudes. Moreover, a holographic hybrid
beamforming scheme was proposed in [28] and [29] based on
the aforementioned HMIMO hardware.

B. Our Contributions

In this paper, we introduce an electromagnetic hybrid
beamforming (EHB) scheme based on three-dimensional (3D)
antenna array architecture into HMIMO communications to
implement a programmable array radiation pattern in any
desired direction with minor radiation pattern distortion. Then,
an electromagnetic channel model and corresponding beam-
forming algorithms are investigated to improve the spectral
efficiency. The contributions of the paper are listed as follows.

e We first propose an EHB scheme with a holographic

antenna array. Specifically, the EHB scheme consists of
antenna excitation current vectors (analog beamforming)
and digital precoding matrices. The implementation of
analog beamforming enables the real-time adjustment
of the radiation pattern to achieve an approximately
constant gain in different intended directions and the
digital beamforming is optimized based on the channel
characteristics of analog beamforming. Moreover, we also
develop electromagnetic signal and channel models in
EHB communication schemes, which provide explana-
tions of the modulation effects of the EHB scheme
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and the distribution of emitted energy from different
perspectives.

o We investigate the hardware design of superdirectiv-
ity and 3D array geometry. Additionally, the optimal
geometric arrangement of a 3D antenna array is also
presented. Utilizing the 3D holographic antenna array
structure and the customizable spatial radiation pattern,
multiple superdirective beams in arbitrary directions can
be generated by leveraging analog excitation vectors and
taking the mutual coupling effects into account.

« Simulation results are finally provided to demonstrate that
our proposed EHB scheme with a 3D holographic array
achieves a relatively flat superdirective beamforming gain
throughout the entire spatial domain. A sum rate gain of
over 150% compared to traditional beamforming algo-
rithms is also obtained by our proposed EHB.

C. Organization and Notation

1) Organization: The remainder of this paper is organized
as follows. In Section II, we introduce the electromagnetic sys-
tem model and the derivation of mutual coupling matrix. Then,
an electromagnetic channel model is developed for further
investigation. In Section III, we present the design principles of
3D antennas and the comprehensive EHB scheme, along with
the corresponding algorithms. Numerical results are presented
in Section IV to evaluate the effectiveness of our proposed
EHB scheme with 3D holographic array structure. Conclusions
are drawn in Section V.

2) Notation: Fonts a, a and A represent scalars, vectors
and matrices, respectively. AT A" 7Ail,AT denote trans-
pose, Hermitian, inverse and Moore-Penrose inverse operation
respectively. || A||r represents Frobenius norm of matrix A.
Operators | - | and (-)* denote the modulus and conjugate
operation respectively. Operators Tr(-) and diag(-) represent
calculating the trace of a matrix and expanding a vector into
a diagonal matrix, respectively.

II. ELECTROMAGNETIC SYSTEM MODEL

Different from the conventional hybrid beamforming
scheme, we leverage the programmable electromagnetic char-
acteristics of the holographic antenna array to solve the
radiation pattern distortion. To this end, three challenges arise.
First, it is non-trivial to accurately model the array radiation
pattern of a densely placed holographic antenna array due
to the mutual coupling [30], [31], [32]. Second, there is a
need for further investigation into the impact of variations
in the array radiation pattern on the performance of wireless
communication systems. Third, although superdirective beams
exhibit high directional gain, they can only be generated in
end-fire directions for linear arrays [16], [17], which limits its
practical application. The solutions to these three challenges
will be discussed in the following two sections.

In this section, we present the electromagnetic transmit
signal and channel models in HMIMO communications.

A. Electromagnetic Transmission Signal Model

For densely placed holographic arrays, the effect of mutual
coupling between the antennas can cause significant variations
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in the magnitude and phase characteristics of radiation
patterns, resulting in deviations from the ideal analytical
expressions. To accurately model the impact of these elec-
tromagnetic effects on signal transmission, we develop the
following electromagnetic communication model.

Consider a HMIMO communication system depicted in
Fig. 1, where Np transmit antennas are densely arranged
within a fixed array aperture. The adaptability of this hardware
structure can be achieved with two components: digital beam-
forming W pp through RF chains and analog beamforming
7 through antenna excitation currents. Firstly, we consider
the conventional scenario where the antenna elements in the
transmit MIMO array are assumed to be uncoupled. When
the transmit signal @ is emitted through the holographic array
transmitter, it naturally undergoes modulation by the pattern
function of each antenna element, which describes the power
distribution of its spatial radiation. Therefore, we can model
the emitted signal as:

¥ =iog(r,0,¢)ox=i0g(r,0,¢)® Wgpt, (1)

where © represents element-wise product; t € CHK*1,
Wpgp € CNtxE_ 4 ¢ CNvx1 and g(r,0,¢) represent
the symbol vector for K users, the digital beamforming
matrix, the antenna excitation vector and a Ny x 1 vector
function representing the radiation pattern of antenna elements,
respectively. The last one can be formulated as

g(r709 ¢) = [g(T1’017¢1)7~-~;g(rn79n’¢n)’
X "'ag(TNTaHNT7¢NT)]T’ (2)

where 7, 0, and ¢,, represent the distance, elevation angle,
and azimuth angle, respectively, of the measurement point
relative to the nth transmit antenna. Note that in the far-field
communication scenario, the parameter r,, can be disregarded,
and 6,, and ¢,, remain the same for all transmit antennas.
Secondly, we model the impact of the non-negligible mutual
coupling effect on the transmission signal. After introducing
the mutual coupling matrix [15], the distorted transmission
signal due to the mutual coupling effect can be written as

2 =Cz' = Ciog(r,0,0) ©Wppt, ()

where c¢,,,, represents the coherence of the nth element on the
mth element.

B. Radiation Pattern Model

In this subsection, we investigate the mutual coupling matrix
introduced in Section II. A in detail to model the actual
radiation pattern of the densely placed holographic antenna
array. Although some research has attempted to derive analyt-
ical expressions for mutual coupling between closely spaced
antennas [33], [34], [35], [36], practical results often exhibit
significant deviations from these analytical expressions when
the idealized conditions for theoretical derivations are not met.
Therefore, in order to accurately evaluate the effects of mutual
coupling on practical radiation patterns, we obtain the coupling
matrix based on full-wave electromagnetic field simulation
results in both coupled and uncoupled scenarios, as well as
spherical wave expansions. This approach decomposes the
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Fig. 1. Electromagnetic hybrid beamforming architecture.

electromagnetic field into a series of spherical wave coeffi-
cients using a set of orthogonal spherical wave bases.

The actual radiation pattern of the mth element can be
written as [16], [36]:

jg:tznnlngnz(r 0,), “4)

n=1

Gmr(1,0,0) =

where the first subscript represents the antenna index, while the
second subscript indicates either the realized radiation pattern
(r) or the ideal radiation pattern (z).

The coupling matrix can be derived from spherical wave
expansion, with the correlation matrix coefficients obtained
by full-wave simulation results. With this expansion, the
electric field E(r, 0, ¢) radiated by one antenna element can
be expanded as [37]:

2 N n
e(r,0,0) =rv1Y_ Y. Y, QumnFamn(r,0,0)

s=1ln=1m=-—n

= "3\/77 Z Qs,m,nFS,m,n(T»9,¢)v (5)

s,m,n

where « is the wavenumber and 7 is the propagation medium
intrinsic impedance. Qs » is the spherical wave expansion
coefficient and s,m,n denotes electrical mode (TE/TM),
degree of the wave and order of the wave, respectively. IV is
the maximum order of available spherical wave functions,

sACtua] Array
adfation Pattern |
N
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and is determined by the array aperture size. According
to Chu-Harrington Limitation [38], [39], the available order
of spherical wave expansion is determined by the electrical
size of the transmitter as N =~ ka, where a is the min-
imum radius of a spherical surface which can enclose the
antenna. To be specific, applying an order larger than ka
will result in an exponentially increasing Q factor, bring-
ing a narrow-banded antenna. Moreover, F's ,,, o(r,0,¢) is
the well-defined spherical wave function and the general
form is in (7), [37]. In this formula, #, ép and é4 are
unit vectors. z,(xr) is the spherical Hankel function of
the first kind, and the term P,llm‘(cose) in (7) is the nor-
malized associated Legendre function. For TM waves, the
magnetic field is described by F'i,,,, and F',,, repre-
sents the corresponding electric fields. For TE waves, this is
interchanged.
The electric field can be decomposed into:

e(r,0,6) = |E"(r,0,0), E°(r,0,0), E°(.0,0)| . (6)

with the superscripts 7, 6 and (;5 representing r-component,
f-component, and ¢-component, respectively.

The spherical wave expansion can be interpreted as the
decomposition of an electromagnetic field into a series of
orthogonal components with different basic modes. To deter-
mine the spherical mode coefficients Q.. We can

1 m\™" ;
an 797 T Zn P|M| ¢ —ngf)’ 7Ta
1:0:0) = = (o) =P eost)e 7
Flmn('rvea (b) = mn(T7 9; ¢) X P
1 1 m imPy" (cos0) g —jmPy" (cosf) —imég
= ?m 7 ( |frn|> {Zn(lﬁ’r)sinae €9 Zn(HT)Te ¢
(7b)
Fopn = 6V X Fin(r,0, ). (7¢)
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reformulate the expansion (5) into matrix form

E = xiFQ, ®)

where E € C3PxNr p ¢ C3Px2N(N+2) and Q €
C2N(N42)xNrrepresent the spatially sampled electric field
matrix, the basic spherical mode matrix, and the spherical
mode coefficient matrix, respectively, with P being the number
of spatial sampling points. Their specific representations for
the nth antenna are as follows [40]

E(:,n) = [EL(r1,01, 1), B (11,01, 61), S (11,01, 61),

P 6 é T ®)
: 7En(7‘P70Pa¢P)7En(TP7GP7¢P)3En(TP79P7¢P)] y
Q(:7n) = [Q?,fl,va’g,fl,l’ e aQ;l,N,N]T’ (10)
-Ff;1,1(7‘1791a¢1) F271N,N(T1701a¢1) i
Fﬁ1,1(7'1791a¢1) Fg,N,N(leelale)
Fl(p,l,l(rlvelﬂqsl) F2¢,N,N(T17‘917¢1)

F = : , (11)
FC1,1(7'Pa Op, ¢P) T FQiN’N(rpa Op, ¢P)
Fy1(rp,0p,¢p) -+ F y (1P, 0P, dp)
_Ffl,l(TP39P7¢P) "'F$N7N(rpaap7¢13)_

where F;m,n(rn79m¢n)’ Eﬁm,n("'naomd)n) and Egjm,n

(rn, On, dr) represent different orthogonal components of the
spherical wave function. Based on the above matrix represen-
tation, we can derive the spherical mode coefficients in (10)
as

1
/-{ﬁ

After obtaining the full-wave simulation electromagnetic
fields for both the coupled and uncoupled cases, the mutual

coupling matrix corresponding to the holographic antenna
array can be represented by

C=QLH(QY)T,

where Q. is the spherical mode coefficient matrix for
coupled cases and Qg is the uncoupled one. In summary,
we investigate the effects of mutual coupling by regarding
the actual radiation pattern of each antenna element as a
superposition of the ideal radiation patterns of all elements
in the array. The mutual coupling coefficients serve as the
weighting coefficients for this superposition. Note that the
mutual coupling coefficients are computed based on radiation
fields, and therefore the computed coefficients are at the field
level.

The impact of mutual coupling is illustrated in Fig. 2. The
first two subfigures depict the spatial radiation patterns of an
isolated antenna element and a coupled one. Fig. 2(c) displays
the spatial superdirective beam achieved by leveraging mutual
coupling, whereas Fig. 2(d) shows the spatial beam using
a conventional beamforming algorithm. It is evident that
neglecting mutual coupling leads to a significant reduction in
directivity.

Q=——(F)'E (12)

(13)
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Fig. 2. Radiation pattern for (a) An isolated antenna; (b) One antenna
in holographic antenna array with 0.2\ spacing; (c) Spatial beam based on
mutual coupling; (d) Spatial beam without considering mutual coupling.

C. Electromagnetic Channel Model

In this subsection, we incorporate the above electromagnetic
characteristics of holographic antenna array into a conven-
tional geometrically based stochastic channel model (GSCM)
to take both the stochastic characteristics of wireless environ-
ment and the spatial radiation pattern of the transmitter into
consideration.

Assuming that there are L scatters and K users in the far
field region of interest (i.e., we omit variable 7 in the radiation
pattern function (2)), the classical Saleh-Valenzuela channel
model for a single-antenna user k can be written as [41], [42]

L

hk = Z Plkalk exp(—jZWlek)Ci@g(9,¢>)6(Q—Ql),
=1

(14)

where 7, aqi and Py represent the propagation time delay,
channel coefficient and power of the I[th path, respectively.
Q) represents the solid angle of the I/th scatterer relative to the
transmitter. With s;, = /Pyoq exp(—52m f7i1.), the received
signal for user k£ can be formulated as

L
Yk = /h{mdQ = /Zslké(ﬂ - Ql)lTa:(C)dQ +n
=1

L
= Zslle(Ci @g(Ql) © Cl:) +n
=1
L

= Zslka(Cfg(Ql)) +n, (15)
1=1

where 1 € CN7*1 [ = diag(7), and n represent an all-
one vector, a diagonal matrix representing analog antenna
excitations, and the Gaussian noise term, respectively. Based
on (15), the received signal can be written in the matrix form

y=(CIGS) x +n, (16)
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where S € CLxXK G € CN7*L and n are the chan-
nel coefficient matrix, the spatial sample of the radiation
pattern, and an i.i.d. Gaussian noise vector with element
variance o2, respectively. G describes the spatial radiation
pattern corresponding to the L scatterers and can be obtained
after acquiring the spatial coordinates of scatterers in the
environment through sensing or channel estimation. In prac-
tical systems, channel state information at the receiver can
be obtained via training and subsequently shared with the
transmitter via feedback. Techniques for efficient channel
estimation leveraging the geometric nature of wireless environ-
ments can be found in literature [43], [44], [45], [46], [47],
[48], as well as deep learning-based approaches [49], [50],
[51], [52], [53] or beam scanning techniques [54], [55], [56].
The derived electromagnetic GSCM can be written as

H = (CIGS)T e CK*Nt, (17)

D. Holographic Antenna Array Radiation Efficiency

Besides the impact of distorted radiation patterns on system
performance, another significant factor affecting the realized
communication rate is antenna radiation efficiency. Based on
existing research on superdirective antenna arrays [57], [58],
it has been observed that as the interval space between antenna
elements decreases, the achievable directivity increases. How-
ever, corresponding radiation efficiency decreases, resulting in
a potential deterioration in performance due to the decrease in
the actual realized antenna gain. Therefore, in practical terms,
a denser antenna array does not necessarily guarantee better
system performance. The definition of antenna efficiency is
given as follows

e _ Prad _ G(qub)
"7 Pee  D(6,9)

where er.q, Prad, and Py are radiation efficiency, the radiated
power, and the accepted power of the antenna, respectively.
D(0,¢) and G(6,¢) are defined as the directivity and gain
of the antenna, and their specific definitions are provided as
follows

(18)

U
D =47 —
(97 ¢) ﬂ- _Prad,
U Rrad
G(6.¢) = 4r - L 19
( ’ ¢) m -Prad Rrad + Rdis ’ ( )

where Ry, Rais, and U = 72Wyq represent the radiation resis-
tance, dissipation resistance, and radiation intensity (Watt/unit
solid angle), respectively.

Since we achieve superdirectivity by leveraging the mutual
coupling effect of the holographic array transmitter, a smaller
element spacing is preferred for a stronger coupling and
more directive spatial beams to increase the concentration
of radiated energy. On the other hand, holographic antenna
arrays with smaller space between elements tend to have larger
dissipation resistances, resulting in a lower radiation efficiency.
Therefore, there exists a tradeoff between the radiation effi-
ciency and the directive gain since the actual realized array
gain is the product of them (i.e., G(0,¢) = enq - D(0,0)),
which means that there is an optimal array geometry, and
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our following simulation results also further validate this
conjecture.

III. PROPOSED EHB SCHEME

To leverage superdirectivity and programmable array radi-
ation pattern, the EHB scheme is introduced in this section.
We consider the antenna radiation efficiency to indicate the
received signal power in practical scenario. Then, the 3D
holographic array architecture and the electromagnetic beam-
forming algorithm will be provided in the sequel.

A. 3D Holographic Antenna Array Structure

The directivity expression for an antenna array can be
written as follows in the absence of mutual coupling:

i19(0,9)* e(0, p)e™ (0, §)i

D =
. 2T T . L)
i (57 I3 1906, 6)” (8, 0)e™ (6, 6) sin(0)d6do ) i
(20)
where e = [e7 "7 eI T2 e‘j"‘f"’“NT}T represents

the array steering vector, with # being the unit vector in
direction (0, ¢) and 7, being the Cartesian coordinates of
the nth antenna. To maximize the achievable directivity, the
optimal ¢ can be derived as:

iopl = 72716(9’ ¢)7

2w 2 H B
: Jo19(8,9)"e(0,¢)e” (0,¢) sin(0)dbd¢
— Jo 0
.Wlth Z T 190,00 s 0)d0ds denoted.as .the
impedance matrix and - denoting the power normalization

factor. For lossless antennas, the radiation power P4 equals
the input power P, and the maximum array gain can be
written as follows [12]:

AP e 0.0)27 e(.0)

PRXINT:1 eH(6‘7¢)e(97¢)

where Pry represents the received power. Specifically, the
array gain depends on the the beamforming direction and array
geometry (via Z). For isotropic elements along the z axis, the
largest directivity is obtained in the direction § = 0 (end-fire),
and approaches N2, for small antenna separation.

Inspired by the former conclusion, we find that the superdi-
rectivity origins from the dense element arrangements along
a specific direction and the corresponding optimal excita-
tion currents. Thus, the Z matrix of a densely placed 3D
holographic antenna array would fulfill the geometry require-
ments of superdiectivity in arbitrary directions. Considering
the mutual coupling effect of holographic antenna array on
actual radiation pattern, the optimal excitation currents in (21)
can be modulated as:

il =4C71Z7 (0, 9),

21

(22)

(23)

and multiple superdiective beams can be implemented through
a linear combination of excitation current vectors in different
directions as z(()f,z = zggz 1 +'I:((’Ez,2. As an example, Fig. 3 shows
a typical 3D geometry with multiple layers of planar aperture.
Moreover, two superdirective spatial beams in orthogonal
directions (broadside and end-fire directions) are realized,
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Layer

Fig. 3. Multiple superdirective beams of 3D holographic antenna array.

demonstrating the effectiveness of our proposed structure
and design principle. Therefore, the real-time optimization
technique of circuit parameters can be utilized to provide an
approximately coincident array gain in any desired direction
and eliminate the edge pattern distortion.

B. Proposed EHB Algorithm

Based on the electromagnetic system model and the 3D
antenna array structure that we have introduced, we aim
to fully leverage the programmable electromagnetic charac-
teristics of the holographic antenna array. To achieve this,
we introduce EHB to modulate the radiation pattern of
the array and mitigate radiation distortion. Specifically, the
characteristics of our proposed EHB algorithm are twofold:
i) Electromagnetic analog precoding method: By real-time
programming the circuit parameters, including parameters of
programmable antennas and the coupling between antennas,
load impedance or excitation currents of the transmitter, this
approach can realize the real-time adjustment of the radiation
pattern to achieve an approximately coincide gain for users
in various directions. ii) Electromagnetic digital precoding
method: Its objective is to obtain the optimal match filter
to further improve the spectral efficiency of communication
system based on the channel information after the analog
precoding. Then, analog precoding and digital precoding are
iteratively optimized until they both achieve the optimum
performance.

Next we show the design details of the analog excitation
vector ¢ and the digital precoding matrix W gp to optimize
overall system performance based on the electromagnetic
GSCM derived in Section II.

1) Single-User Case: First we consider single-user commu-
nication scenario. Referring to the general formulas (16), the
received signal in a single-user communication scheme can be
formulated as

Y=+ erathm +n
= /ea(CIGs) 2z +n

= erad(Cst)TwBBt +n, (24)
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and the corresponding received signal-to-noise-ratio (SNR)
can be represented as

N erad|(Cst)TwBB|2
= 5 ,

(25)

o
where wgp € CNTx1 represents the digital beamforming
vector and n is the noise term following Gaussian random
distribution N/(0, 02). The transmit symbol is normalized such
that [t|> = 1. Then the corresponding EHB optimization
problem can be formulated as

P1: max v

I,wps

st | I)|% < Pr anatog |wBE|3 < Pr digial
I = diag(4)
Pr analog + Pr gigita < Pr,

where Pr, Pranaog, and Pr gigira represent the available
transmit power, the analog excitation power, and the digital
precoding power, respectively [59]. Additionally, the radiation
efficiency, which is mainly determined by the geometry of the
3D holographic array, also impacts the received SNR. How-
ever, for a fixed structure, different beamforming directions
are not expected to cause a significant variation in radiation
efficiency and the mutual coupling matrix.

Therefore, the proposed EHB algorithm for the single-user
scheme consists of two main procedures. Firstly, a search
is performed on the value of the element spacing to find
an optimized 3D antenna array under the given operation
frequency. This optimization aims to strike a balance between
beamforming gain and radiation efficiency. In practice, this can
be achieved by referring to the performance curves of realized
gain as shown in the simulation section. Secondly, the optimal
solutions of analog and digital precoding vectors are applied
to maximize the received SNR.

Initially, we apply the following transformation:

IGs = diag(Gs)i, (27)

by substituting the transformation (27) into (26), we obtain
the following formulation:

P2 : max |i’ diag(Gs)CTwpp|?

L,WEB

(26)

s.t. |53 < Proanaog: [wesl3 < Pr g
PT,analog + PT,digilal < PT7 (28)

By expanding the objective function into conjugate form,
we have:

|i" diag(G's)CTwpp|* = i diag(G's)C wpp
x wh ,C*diag(Gs)*i*, (29)
which is a quadratic form function for variable %, and the

optimal solution %y corresponds to the eigenvectors of the
intermediate matrix with respect to the variable 2:

(30)

where « is the power normalization factor to satisfy the analog
power constraint. Similarly, we can derive the optimal digital
precoding vector as

wBB,op[ = ﬁC’*diag(Gs)*i*,

dop = adiag(Gs)* CTwi g,

€Y
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where [ is the power normalization factor of digital precoding.
By combining (30) and (31), it is easy to prove that

—— oy = diag(G's)*C" Cdiag(G's)iop

ﬂ*
1 * 1. * 1
aTﬁwBB’Opt = C*diag(Gs) dlag(Gs)CT'wBBppt, (32)
by substituting (32), (30) and (31) into P2, it can be

easily proven that under constant power constraints, the opti-
mal ¢ and wgp are the eigenvectors corresponding to the
largest eigenvalues of matrices diag(G's)*C* Cdiag(G's) and
C*diag(Gs)*diag(G's)CT, respectively, and they can be
obtained by taking the SVD decomposition.

2) Multi-User Scheme: In this subsection, we extend the
previous single-user communication scheme to a multi-user
scenario. Based on the electromagnetic transmit signal and
channel models introduced in section II, the received signal
can be expressed as follows:

Y= \/erade +n
ead(CIGS) 2z +n

ead(CIGS) "W ppt + n, (33)

From (33), it can be seen that radiation efficiency, mutual
coupling matrix C, and analog beamforming excitation I
are the main factors influencing system performance. Then,
we can formulate the sum rate maximization problem as

K

P3: max Zlog 1+ )
ILWss

st |12 < Pranog: |W BBl% < Pr g
I = diag(s)

Pr anatog + Pr digita < Pr, (34)

and the received signal-to-noise-plus-interference ratio (SINR)
for user k£ can be written as follows due to the mutual
interference between different users

e (CIGS) (2, k)| "W (2, k) 2

- - , ., (35)
erad % (CIGS)(:, )TW 55 0)[? + 02

where A(:, k) represents the kth column of matrix A.

It can be seen that Eq. (35) is a classical multi-user digital
precoding problem. However, for analog precoding design, it is
still challenging to directly optimize the precoding matrix I
based on (35). Therefore, we reformulate (35) and propose
a unified optimization procedure for both analog and digital
precodings. By defining X = GS € CVN7*K  we can rewrite
the kth column of the matrix CIGS as:

[, 0 T1k
~ . . T2k
(CIGS):;,k)=Cx |0 . : | x .
L Z.NT TNrk
z1r O Z.lk
. . 2k
=Cx |0 . X ]
L - TNtk INpk
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= Cdiag(X (:, k))z,

where x5 represents the (n,k)th element of matrix X.
Leveraging (36), the SINR of user k can be written as

k)C"Wgg(:, k)[?
))C’TWBB( )2+ 02

(36)

erad|deiag( (:

rad Y \z diag(X (:,
i#k
Then, the sum rate maximization problem for multi-user EHB
can be reformulated as

T = (37

K
P4 Jpax Zlog (1+ )
k 1
s.t. ” H2 < PT,analog» 2 < PT,digilal

PT,analog + PT,digital < PT, (38)

which is a non-convex optimization problem and it is also
difficult to directly solve it. To address this, we employ the
AO framework that iteratively optimizes the electromagnetic
analog and digital precodings. Specifically, an SDR technique
is employed to solve the auxiliary matrix R of analog exci-
tations ¢, while auxiliary matrices F'j, are used to optimize
the precoding matrices (digital part) [60], [61]. The solution
details of EHB is outlined as follows:

Firstly, by introducing auxiliary variables ¢;, and uy, we can
reformulate P4 to optimize the electromagnetic digital beam-
forming when fixing the analog part

P5: max I; log(1 + tx) (39a)
st up > Z Tr(HLF;) 4 o> (39b)
ik
() ul™
%ui + g )t2 < Tr(HFy) (39¢)
2uy, ; 2t
K
Z Tr(Fx) < Prgigial (39d)
k=1
rank(Fk) = 1,Fk > 0, (398)

where the superscript (n) is the iteration index, F) =
Wep(, E)WEL( k) and H, = C*diag(X*(:,k))i*i"
diag(X (:, k))C".

Secondly, by fixing the digital beamforming and introducing
similar auxiliary variables, we can reformulate P4 similarly
as above to optimize the electromagnetic analog beamforming
as follows:

K
PG : max kz_l log(1 + tx) (40a)
st.oup >y Tr(RQy) +o (40b)
ik
g u™
( —Eoyuk + g —Ei1} < Te(RQ,) (40c)
2u" 2
TI“(R) < PT,analog (40d)
rank(R) =1,R > 0, (40e)
where R = %' and Q, = diag(X(;,k))CT
W pp(:, i) Wip(:,i)Cdiag(X ™ (:, k).
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Finally, after dropping the non-convex rank-one constraint,
the two optimization problems mentioned above both can be
reformulated as SDR problems, and solved alternatively by
optimizing the digital precoding matrices and analog excitation
vectors using convex solvers such as CVX. Note that the
SDR problem is a convex optimization problem, and each
iteration’s solution is the optimal. Therefore, iteratively solving
the optimization problems and updating the variables will
either increase or at least maintain the value of the objective
function. Given limited transmit power, the proposed iterative
algorithm guarantees that the obtained sum rate value forms a
monotonically non-decreasing sequence with an upper bound.
The convergence condition for Algorithm 1 is achieved in
terms of the rate value in two successive iterations with
variations less than a specified threshold, denoted as e.

Now we reconsider the rank-one constraint. As mentioned
above, to formulate SDR problems, we removed the rank-one
constraint in the above two optimization procedures. Fortu-
nately, it can be proven that the solutions for P5 and P6 also
satisfy the rank-one constraint.

Theorem 1: The obtained auxiliary digital precoding
matrix F, and auxiliary analog precoding matrix G in
P5 and P6 satisfy rank(Fy) = 1, rank(G) = 1.

Proof: Please see Appendix. (]

Algorithm 1 EHB Scheme for 3D Holographic Array
Input: Number of antennas Np, user number K, frequency
f, antenna element radiation pattern g(r, 8, ¢), geometri-
cal channel coefficients s, scatter angular information €2;
and mutual coupling matrix C
QOutput: Electromagnetic analog precoding vector ¢ and dig-
ital precoding matrix W pp
1: for[=1,2,...,L do
2 Compute the EM channel vector hj by (14);
3: end for
4
5

Construct the EM channel matrix H = [hy, ..., hg]T;
Initialize 7 = ,uiC“lZ*le and Wpgp = /‘W(HJZIW’
with H,, = [Cdiag(i)GS]":
6: for i =1,2,..., Njer do
7: Determine the auxiliary rank-one matrices F'j, for
digital precoding matrix optimization based on (39);
8: Determine the auxiliary rank-one matrix R for antenna

excitation vector optimization based on (40);
9: end for
10: for k =1,2,...,K do
11: Compute f, through SVD of matrix F'i;
12: end for
13: Construct Wpp = [f1,..., Fxl
14: Obtain ¢ through SVD of R;
15: return ¢z and Wgp

The employed EHB algorithm is summarized in
Algorithm 1. We first compute the electromagnetic channel
vector hj for each user and construct the overall channel
matrix H based on the estimated GSCM, as shown in lines
1-4. We initialize the analog excitation vector and digital
beamforming matrix based on the impedance matrix Z and
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steering vector e. The initial point is determined by adopting
the excitation currents that maximize the array directivity
in the absence of mutual coupling, with Z defined in (21),
as shown in line 5. Then, according to the AO optimization
based on SDR method in P5 and P6, we can obtain the
optimized rank-one auxiliary matrices, as shown in lines 7-8.
By taking the SVD of auxiliary matrices, we can verify the
correctness of SDR solutions by checking the rank and obtain
the corresponding beamforming vectors, as shown in lines
11 and 14. Finally, the digital beamforming matrix can be
obtained by concatenating the derived precoders for each
user, as shown in line 13.

C. Complexity Analysis

In this subsection, we analyze the computational complexity
of our proposed EHB scheme. Recall that the above convex
restrictions in P5 and P6 involve only linear matrix inequality
(LMI) and second-order cone (SOC) constraints. Therefore,
they can all be solved by a standard interior-point method
(IPM) [62], [63], [64]. This suggests that the worst-case
runtime of such a method can be used to compare the
computational complexities of the formulations. From [65],
the basic elements in the complexity analysis of [IPMs can be
formulated as follows

min ¢’z (41a)
ZERN

N . .

S zAl-Blest  forj=1,....4q (41b)
=1

Diz—b el j=q+1,...,p (41c)

where N is the number of unknowns, A{ , Bl e Slj_j for i =
1,...,Nand j = 1,...,¢; D € RF*N and b € RN
for j = q+1,....p; c € RN; Sk is the set of k x k real
positive semidefinite matrices and LL* is the second-order cone
of dimension k£ > 1. Specifically, linear constraint aTz—b >
0 is equivalent to size 1 LMI constraint a’ z—b € S}‘_ and can
be put into form (41b).

The complexity of solving (41) through a generic IPM can
be decomposed into the following two parts [66]:

1) Iteration Complexity: Let € > 0 be the iteration accuracy,
the number of iterations required to reach an e-optimal solution
of (41) is on the order of /3 - In(1/€), where B3(A) =

q

>~ kj+2(p —q) is the barrier parameter associated with the
j=1

cone A = [[7_, Si’j x 14— 41 L. Roughly speaking, the
barrier parameter measures the geometric complexity of the
conic constraints in (41).

2) Per-iteration Computation Complexity: In each iteration,
the computation cost is determined by (i) the formation of the
N x N coefficient matrix H of the linear system, and (ii) the
factorization of H. The cost of forming H is on the order of

q q P
Crorm =NI K+ NN B+ N Y K2
Jj=1 Jj=q+1

Cfact = N3»

j=1
42)
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TABLE I
COMPLEXITY ANALYSIS OF P5 AND P6

Complexity Order
(n1 = O (KN2)) (ny = O (N2))

VEN7 13K +1-n1-

Method

P5
[(KN3 + 10K + 1) + n1 (KNZ + K + 1) + n?]

VN7 +3K 1 no-

P6 T 2

[(N2 + 10K + 1) + na(N2 4+ K + 1) + n3]

The total computation cost per iteration is on the order of
Ctorm+Cfract, and the corresponding complexity of a generic
IPM is on the order of \/B(A) - (Ctorm + Cract)In(1/€).

For PS5, there are K + 1 LMI constraints of size 1, K LMI
constraints of size Nt and K second-order cone constraints of
size 3. For P6, there are X +1 LMI constraints of size 1, 1 LMI
constraints of size Np and K second-order cone constraints of
size 3. Their corresponding complexity orders are summarized
in Table. 1.

IV. NUMERICAL RESULTS

In this section, simulation results are presented to evaluate
the performance of our proposed EHB communication scheme
based on 3D holographic antenna arrays. The communication
system is assumed to operate at 1.6 GHz. A 3D antenna array
consisting of printed dipole antennas is equipped at BS to serve
K users, with specific antenna hardware parameters as follows:
The dipole antenna is printed on a FR-4 substrate measuring
12.2 mm x 78 mm, and the dimension of a dipole element
is 1 mm x 71.5 mm. The digital transmit power constraint is
determined based on the SNR settings in simulations while
the analog power constraint for antenna excitation is set
to 1 W. We consider the area corresponding to four linear
half-wavelength spaced antennas as the aperture area of a
single layer. Therefore, the number of antennas of one layer
is denoted as N; = [%52] + 1, and the total number of
antennas is given by Ny = vN;, where d and v represent
the element spacing and number of 3D layers, respectively.
The convergence parameter for Algorithm 1 is set to € = 0.1.
Additionally, we assume that there are L scatterers and K
users distributed randomly in the azimuth plane, considering
a non-line-of-sight environment.

For the comparison benchmark, we use the current exci-
tation vector corresponding to maximum directivity in the
absence of mutual coupling ¢ = pu; Z “lein [16] and the cor-
responding zero-forcing (ZF) digital precoding matrix. In the
subsequent simulations, we compare the performance of our
proposed EHB scheme against the conventional beamforming
schemes. 1000 sets of channel coefficients are sampled and
the numerical performance results are averaged over these
samples.

Fig. 4 shows the achieved directivity and realized gain of the
3D holographic antenna array for different transmit azimuth
angles. From the figure, we can see that our proposed 3D
array achieves a relatively smooth gain over the whole space,
which proves the effectiveness of its structure. Additionally,
the directivity curves exhibit peaks at 45 and 135 degrees. This
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Fig. 4. Achievable directivity and realized gain for EHB system.

phenomenon can be attributed to the fact that these angles are
in the vicinity of the diagonal direction of the 3D antenna
array. That is to say, from the perspective of beamforming
direction, the diagonal direction corresponds to the longest
quasi-linear array within the array structure. The presence of
these peaks in the directivity curves validates our intuitive
design principle.

Fig. 5 shows the rate performance of the EHB scheme under
different element spacing and user settings. As can be seen, the
ZF precoding without considering the mutual coupling effect
achieves the worse rate performance than that of the proposed
scheme. Specifically, for the single-user case, the gain of
EHB is relatively limited around 10% on average at a 20 dB
SNR level. However, in multi-user communication scenarios,
exploiting programmable radiation patterns can significantly
reduce inter-user interference and improve beam focusing.
By leveraging the spatial superdirective beams, the proposed
scheme achieves a substantial capacity improvement with an
average performance gain of over 150%. Note that the optimal
element spacing varies for different 3D antenna structures.
This indicates that the geometrical configuration of the 3D
holographic antenna array plays a crucial role in achieving the
best system performance. The results clearly demonstrate that
our proposed scheme outperforms the conventional precoding
algorithms in HMIMO communications.

To evaluate the performance of the EHB scheme for dif-
ferent transmission power cases, Fig. 6 shows the sum rate
performance under different SNR settings when the antenna
spacing is fixed at 0.35 wavelength. Simulation results indi-
cate that larger performance gains are observed as the SNR
increases. For comparison, we introduce full-digital precoding
and traditional hybrid beamforming in [4] and [67]. Specifi-
cally, the 4-layers optimal sum rate gain is achieved by the
multi-user 3D antenna array, demonstrating the effectiveness
of our proposed EHB algorithm and architecture. The con-
ventional ZF curve tends to saturate because of the mutual
interference induced by the mutual coupling effect.

Fig. 7 shows the achievable directivity and corresponding
radiation efficiency of the 3D holographic antenna array
for different antenna spacings. For comparison, we denote
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Fig. 6. Achievable sum rate for multi-user EHB system with fixed antenna
aperture.

theoretical gain limitation as the realized gain benchmark,
expressed as G = 4/’\TQA [68], where A refers to the array aper-
ture area and A represents the wavelength. It can be observed
that our proposed EHB scheme achieves superdirectivity based
on the 3D array architecture while adhering to a fixed aperture
area constraint. It is also shown that the radiation efficiency of
the 3D array experiences a significant reduction as the antenna
spacing decreases, indicating stronger mutual coupling effects.
Besides, for a holographic array transmitter with a fixed
aperture, when the antenna spacing is smaller than a threshold,
for example, 0.3\ in this case, the mutual coupling effect is
severe and requires highly accurate excitation current control,
which is not achievable under practical hardware constraints,
leading to a decreased directivity. The aforementioned optimal
antenna spacing in an HMIMO array can vary depending on
the specific 3D structure of the array. The array radiation
efficiency is obtained through CST simulations.
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To evaluate the realized gain performance of the 3D array
in different antenna spacing cases, in Fig. 8 we show the
achievable realized gain and corresponding radiation efficiency
of the proposed holographic array when the SNR is fixed at
20 dB. As shown in Fig. 8, the realized gain of planar array
approaches the gain limit at 0.4\ through EHB, while our
proposed EHB scheme with 3D holographic array structure
outperforms the planar gain limitation in regions with rela-
tively high radiation efficiency. However, when the antenna
spacing is reduced below a threshold, for example, 0.4\ in this
case, the corresponding radiation efficiency decreases rapidly
and results in a rapid decrease in realized gain as well. Note
that the optimal antenna spacing for maximum gain is different
from that of the maximum directivity due to the impact of
radiation efficiency.

Figs. 7 and 8 demonstrate the superdirective performance of
our proposed EHB scheme based on 3D holographic antenna
array within a fixed aperture area. In the following figures,
we present simulation results for a fixed antenna number,
implying that as the antenna spacing varies, the array aperture
area also changes accordingly.
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In Fig. 9, we present the directivity and realized gain
performance of the proposed EHB scheme for 4 antenna
element configurations with different antenna spacings while
keeping the SNR fixed at 20 dB. It is evident that for planar
densely placed linear array, the directivity increases and then
gradually stabilizes at N? as the antenna spacing decreases,
which aligns with previous research findings [15], [16]. Fur-
thermore, the realized gain of planar array can also approach
the gain limit around 0.4\ spacing. However, note that both
the directivity and realized gain achieved by the proposed 3D
holographic array surpasses that of the planar linear array,
particularly in the region where the antenna element spacing is
larger than the aforementioned threshold. This highlights the
superior directional and gain performance of the proposed 3D
structure compared to its traditional counterpart, emphasizing
its potential for practical applications.

At last, we show the achievable communication rate for a
fixed antenna number with different spacings in Fig 10. The
results further demonstrate that it is necessary to apply EHB
to fully utilize the 3D holographic antenna array, otherwise,
there is only marginal benefit in expanding the 3D array. This
emphasizes the crucial role of the proposed beamforming tech-
niques in harnessing the full potential of the 3D holographic
array structure and maximizing the sum rate performance.
Additionally, it can be observed that the communication rate
exhibits an upward and then downward trend as the antenna
spacing increases from 0.2\ to 0.5\, which is in coherence
with the realized gain trend in Fig. 9. The reason for this
phenomenon is as follows: in the sub-half-wavelength region,
as the antenna spacing increases, the mutual coupling effect
decreases, resulting in reduced superdirectivity but higher
radiation efficiency. Their tradeoff results in the fluctuation in
this region. In the region above the half-wavelength, however,
a larger antenna spacing corresponds to a larger aperture area
under the constraint of a fixed number of antennas. This leads
to a naturally higher array gain and communication rate. In this
region, the impact of mutual coupling becomes less significant
compared to the increased aperture area, and the fluctuation is
due to sidelobes.
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V. CONCLUSION

In this paper, we proposed an EHB communication scheme
based on 3D holographic antenna arrays that takes the impact
of array radiation patterns into account, and incorporates the
coupling effect of antenna arrays to have the superdirective
gain. Specifically, the implementation of analog precoding
involves the real-time adjustment of the radiation pattern to
adapt to the wireless environment. Meanwhile, the digital
precoding is optimized based on the channel characteristics
of analog precoding. As a result, our approach enables
the attainment of programmable spatial patterns and a
relatively flat beamforming gain, facilitating the realization of
multiple superdirective beams in arbitrary directions. Through
simulations, we demonstrate the effectiveness of our proposed
method. Additionally, we identify the presence of the optimal
antenna spacing in the array geometry, considering the trade-
off between the radiation efficiency and superdirective gain.

APPENDIX
PROOF OF THEOREM 1

Firstly we give the Lagrangian function of (39) without the
rank-one constraint as follows:

F(t, by Ay A2y A3k, Aa ey Fie)

K
= log(1+t)
k=1
K
+ A1 | Prdigial — Z Tr(F'y)

k=1
K
+Z>\2,k U — ZTY(HkFi)+O'2
k=1

i#k
: 0 LW
+ Z Ag,k TI'(Hka) — muk + Wtk
k=1 k k
K
+) Tr(AupFy), (43)
k=1
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where \; - A4 represent the Lagrange multipliers correspond-
ing to constraints in (39). Since the relaxed SDP problem P5 is
convex, Slater’s condition is satisfied and the gap between the
primal problem and its dual problem is zero [69]. Therefore,
the Karush-Kuhn-Tucker (KKT) conditions are necessary and
sufficient for the optimal solution of P5 without the rank-one
constraint. The detailed KKT conditions related to the optimal
digital beamforming auxiliary matrix Fj, can be written as

NI+ N H; — N Hy = X\, (44a)
i#k
X Fr=0 (44b)
ALk = 0, (44c)
where A} - A} are the optimal Lagrange multipliers. Since

I is a full-rank matrix, A} > 0 and )‘S,k > 0, we define
Y = NI+ > \5,;H;, which is a positive-definite matrix
k

i
with full rank. Based on this, we have
rank(Ay ;) = rank(Y — A3  Hy,)

> rank(Y) — rank()\g,kilkfzf)
> rank(Y) — 1, (45)
where h;, = C*diag(X*(:,k))i*. Therefore, we can claim
that the rank of A ; is either Nz or Ny — 1. If rank(\} ;) =
Nr, then the optimal F'; should be zero matrix according
to (44b), which means that the digital matrix is zero and
no signal is transmitted. Thus, the feasible solution should
be rank(Aj;) = Nr — 1, and the null space of A}, is
1 dimension. From (44b), the derived optimal beamforming
auxiliary matrix F'j, must lie in the null space of A ;, resulting
in a rank-one solution, which fulfills the initial constraint we
dropped. The same can be proven for P6.
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