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Abstract—The artificial field-aligned irregularity (AFAI) in iono-
sphere can be generated by heating the ionosphere with high-power
high-frequency radio waves, and the physical structures of AFAIs
are modeled as elongated multiple multilayer plasma cylinders.
At relatively low frequencies, AFAIs could work as natural re-
flectors for long-distance communications. In order to evaluate
the performance of AFAI-based communications, it is crucial to
obtain the objective radar cross section (RCS) of AFAIs quickly
and accurately. On account of the large electrical size of AFAIs,
it would be time-consuming to calculate the objective RCS by
full-wave simulations, meanwhile, the accuracies of the existing
approximated methods are limited in many scenarios. In this paper,
the T-matrix algorithm is used for analytically calculating the
objective RCS of AFAIs after making reasonable approximations.
Compared to the results obtained from full-wave simulations, the
errors of objective RCS are within an acceptable range while the
computation time is largely reduced. Furthermore, the scattering
characteristics of AFAIs at different frequencies are investigated.
The proposed method could be readily implemented for investi-
gating and predicting the performance of AFAI-based long-wave
communications.

Index Terms—T-matrix algorithm, artificial field-aligned
irregularities, ionospheric long-wave communications, generalized
reflection coefficients, Scattering characteristics.

I. INTRODUCTION

THE ionosphere can reflect low-frequency electromag-
netic waves to realize ultra-long-distance communications,

which has great values in scientific researches and engineering
applications [1], [2], [3]. Since the 1970 s, the experiments of
heating the ionosphere with high-power high-frequency radio
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waves have drawn extensive attentions [4], [5], [6], [7]. After
heating the ionosphere, the plasma irregularities with inhomo-
geneous electron density distributed along the geomagnetic field
can be produced near the reflecting height of the ionosphere [8],
[9], [10], and the size of a single irregularity usually ranges
from several meters to tens of meters [11], [12]. Due to the
characteristic of distributing along the geomagnetic field, the
plasma irregularity is called artificial field-aligned irregularity
(AFAI) [9], [13]. Compared to the background ionosphere, the
electron density of AFAI is higher, which indicates a higher
plasma cutoff frequency. Therefore, AFAIs are expected to
improve the performance and broaden the frequency range
of ionospheric long-wave communications [14]. Experimental
observations of AFAIs mainly include the Platteville heating
station [4], the HIPAS heating station [15], the Sura heating
station [16] and the HAARP heating station [17], etc. The theo-
retical analyses of AFAIs include the generating mechanism [6],
[7], [12] and the scattering characteristics of AFAIs [18], [19],
[20]. Recently, many researches on the experimental detection,
physical characteristics and numerical simulations of AFAIs are
conducted [16], [21], [22], [23], [24], laying the theoretical and
experimental foundations of ionospheric AFAI-based long-wave
communications.

Since AFAIs work as reflectors for long-wave communica-
tions, calculating the radar cross section (RCS) of the given
AFAIs quickly and accurately is of great importance. The spe-
cific value of the objective RCS of AFAIs is directly related to
the communication quality. Due to the large electrical size of
AFAIs, full-wave simulations (such as finite-difference time-
domain methods) will take too much time and require large
computer memory [25], [26], [27]. The accuracies of some
approximation methods in different scenarios are restricted [21],
[28]. Regarding that the physical shapes of AFAIs are close to
elongated cylinders, the objective RCS of AFAIs can be approxi-
mately estimated after making some reasonable approximations.
We first analytically calculate the two-dimensional (2-D) radar
scattering width of the infinitely-long cylinders with the same
radii of AFAIs, which is realized by combining the generalized-
reflection-coefficient method and the T-matrix algorithm. Then,
the three-dimensional (3-D) RCSs of the AFAIs can be approx-
imately obtained from the 2-D radar scattering width according
to Knott’s equation [29]. The generalized-reflection-coefficient

2379-8793 © 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Zhejiang University. Downloaded on April 17,2023 at 12:28:59 UTC from IEEE Xplore.  Restrictions apply. 

https://orcid.org/0000-0003-3284-3961
https://orcid.org/0000-0003-4564-9156
https://orcid.org/0000-0002-7431-8121
mailto:shuaiyuan1997@zju.edu.cn
mailto:weisha@zju.edu.cn
mailto:linzhuhong@zju.edu.cn
mailto:libin_lv@163.com
mailto:hsj80586@yahoo.com.cn
mailto:hsj80586@yahoo.com.cn


148 IEEE JOURNAL ON MULTISCALE AND MULTIPHYSICS COMPUTATIONAL TECHNIQUES, VOL. 8, 2023

method is widely used for analytically solving the scattering
problems of regular multilayer structures, the generalized reflec-
tion coefficients can be deduced based on the permittivities and
boundary conditions of each layer [30]. The T-matrix method
is a typical computational technique for solving many-body
scattering problems [31], which can accurately describe the
interactions between multiple scatterers [32], [33]. In various
applications, it can compare favorably with other frequently-
used computation methods in terms of accuracy, efficiency and
parameter range [34], [35], [36], [37]. T-matrix method has been
proved to be highly efficient and been widely implemented in
computing electromagnetic scattering of single and compound
scatterers.

In this paper, we start with the physical model of AFAIs, in-
cluding the isotropic approximation of the ionospheric medium
in the desired frequency band, the geometry of AFAIs, and
the plasma cutoff frequency of AFAIs. Next, the generalized-
reflection-coefficient method is used for deriving the expansion
coefficients of the scattered field of a single AFAI under the
cylindrical harmonic functions, which yields the entries of the
T-matrix. Then, the T-matrix algorithm is used to establish
the matrix equations for solving the scattered field of multiple
AFAIs. The expansion coefficients of the total scattered field
in the global coordinate system and the objective RCS are
calculated. After that, the RCSs of one, two and 3×3 AFAIs
under normal and oblique incidences (including TM and TE
waves) are presented and compared to the results obtained
from full-wave simulations. Moreover, the errors brought by
the isotropic approximation are discussed in Appendix A, and
the translational formulas for cylindrical harmonic functions are
discussed in Appendix B. This paper proposes an analytical
method for rapidly calculating the objective RCSs of AFAIs
based on T-matrix algorithm, which can be applied to analyze
and predict the performance of ionospheric AFAI-based long-
wave communications.

II. PHYSICAL MODEL OF AFAIS

The geometry of a single AFAI can be approximated as an
elongated multilayer cylinder with different electron densities in
each layer, where the electron densities gradually decrease from
the inside to the outside following a Gaussian distribution [25],
[26], as shown in Fig. 1(a). The ionosphere is artificially heated
for generating multiple AFAIs, the AFAIs can reflect relatively
low frequency electromagnetic waves for realizing long-distance
communications, as depicted in Fig. 1(b). The electromagnetic
properties of AFAIs can be strictly described by the magnetized
plasma model [38], and approximated by the Drude model at
the desired frequency band in this paper [39], as discussed
in Appendix A. Without loss of generality, a single AFAI is
modeled as a 9-layer plasma cylindrical structure, with the radius
R = 55 m and the length H = 1100 m. The outermost electron
density of the AFAI is taken as 6.5× 1011 (1/m−3) according
to the International Reference Ionosphere (IRI) model [40], and
the electron density of the central layer is set to be 5 times the
outermost electron density. The effect of background ionosphere
is neglected in this paper, since its electron density is low

Fig. 1. Physical model of AFAIs. (a) Single AFAI. (b) Multiple AFAIs working
as reflectors for long-wave communications.

Fig. 2. Relative permittivities of the central layer of AFAI at different frequen-
cies.

compared to the AFAIs, and the electromagnetic waves at the
interested frequencies will mostly pass through the background
ionosphere.

The plasma cutoff frequency of each layer is presented in
Table I (the first layer is the central layer). According to Ap-
pendix A, we can calculate the permittivities of the central layer
at different frequencies, as demonstrated in Fig. 2. At relatively
low frequencies, the real part of the permittivity is negative,
hence, the AFAIs can produce strong scattered fields along the
objective direction.

However, when the frequency becomes higher, the real part
of the plasma permittivity tends to 1, and the incident field can
mostly pass through the AFAIs. For ionospheric AFAI-based
communications, it is crucial to quickly evaluate whether the
AFAIs can produce a strong signal along the desired direction
at a certain frequency. Due to the large electrical size of AFAIs,
calculating RCSs by full-wave simulations is time-consuming
and requires large computer memory. Considering the slender
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TABLE I
CUTOFF ANGULAR FREQUENCIES OF THE EACH LAYER OF AFAI

geometry of single AFAI, its scattering characteristic is simi-
lar to that of a 2-D multilayer cylinder. Therefore, we utilize
analytical methods to calculate the radar scattering width of
multiple multilayer infinitely-long cylinders with the same radii
as AFAIs, then approximate the 3-D RCSs of the AFAIs from
the radar scattering width based on Knott’s equation. It should
be noticed that the proposed analytical method could only work
accurately under the following two conditions. First, the AFAIs
can be approximated as elongated cylinders, or else the Knott’s
equation is inaccurate. Second, the AFAIs can be regarded as
isotropic media at the interested frequencies, which should be
carefully evaluated according to the physical parameters of the
plasma.

III. METHODOLOGY

A. Scattering of Single AFAI

In this subsection, the generalized-reflection-coefficient
method is used for analytically solving the scattering problem
of a single infinitely-long AFAI [30]. To calculate the scattered
field of a 2-D cylindrical structure, the incident plane wave
should be expanded into multi-order cylindrical harmonic func-
tions, and the generalized reflection coefficients of the cylin-
drical harmonic functions can be obtained according to the
boundary conditions and the recursive relations.An incident
plane wave propagating along any direction can be expanded
in the cylindrical coordinate system as

Einc(ρ, z) = e−jkzz
∞∑

n=−∞
�gΨ̄t

n (kρ,ρ− ρ0) · aincn

= e−jkzz
∞∑

n=−∞
ainc(M)
n [�gMn (kρ,ρ− ρ0)

+ ainc(N)
n �gNn (kρ,ρ− ρ0)]

= e−jkzz
∞∑

n=−∞
j−nejnφ[E0Jn(kρ|ρ− ρ0|)

+H0Jn(kρ|ρ− ρ0|)], (1)

where Ψ̄t
n are the cylindrical harmonic functions (containing TM

and TE waves), �g represents the regular part of the cylindrical
harmonic functions (from propagating waves to standing waves),
aincn are the expansion coefficients (containing the TM wave
expansion coefficients ainc(M)

n and the TE wave expansion co-
efficients ainc(N)

n , M and N indicate the expansion coefficients
for TM and TE waves), Mn and Nn represent the cylindrical
harmonic functions for TM and TE waves, respectively. The
tangential components of both TM and TE waves can be ex-
panded as a superposition of the cylindrical Bessel functions
Jn, and their expansion coefficients differ by a factor of the

wave impedance. Similarly, the scattered field can be expanded
as

Esca(ρ, z) = e−jkzz
∞∑

n=−∞
Ψ̄t

n (kρ,ρ− ρ0) · ascan

= e−jkzz
∞∑

n=−∞
[asca(M)

n Mn (kρ,ρ− ρ0)

+ asca(N)
n Nn (kρ,ρ− ρ0)]

= e−jkzz
∞∑

n=−∞
[asca(M)

n H(2)
n (kρ|ρ− ρ0|)

+ asca(N)
n H(2)

n (kρ|ρ− ρ0|)]. (2)

The expansion coefficients of the incident and scattered fields
can be related by the T matrix

asca = T · ainc, (3)

where asca =

[
asca(M)

asca(N)

]
, ainc =

[
ainc(M)

ainc(N)

]
. The entries of the

T matrix are

T =

[
T

(11)
T

(12)

T
(21)

T
(22)

]
, (4)

where each submatrix is a diagonal array, i.e., each order of the
Bessel function Jn only generates the Hankel function H

(2)
n of

the corresponding order, and the submatrix can be written as

T
(11)
nn′ = δnn′T (MM)

n

T
(12)
nn′ = δnn′T (MN)

n

T
(21)
nn′ = δnn′T (NM)

n

T
(22)
nn′ = δnn′T (NN)

n , (5)

whereTn can be analytically derived based on the boundary con-
ditions. For a single-layer cylinder (region 1 represents medium
and region 2 represents air), we can build the matrix

Bn (kiρρ) =

1

k2iρρ

[−jωεikiρρB
′
n (kiρρ) −nkzBn (kiρρ)

−nkzBn (kiρρ) jωμikiρρB
′
n (kiρρ)

]
, (6)

where i = 1, 2 represent the medium and air region, kiρ repre-
sents the tangential component of the wavenumber in the ith
layer, kz represents the vertical component of the wavenumber.

Bn is H
(2)
n or Jn, depending on whether Bn is defined to be

H
(2)
n or Jn. Based on the boundary conditions at the boundary

Authorized licensed use limited to: Zhejiang University. Downloaded on April 17,2023 at 12:28:59 UTC from IEEE Xplore.  Restrictions apply. 



150 IEEE JOURNAL ON MULTISCALE AND MULTIPHYSICS COMPUTATIONAL TECHNIQUES, VOL. 8, 2023

ρ = a, the reflection coefficient matrix can be written as

R21 =

[
T

(MM)
n T

(MN)
n

T
(NM)
n T

(NN)
n

]

= D
−1 · [Jn (k1ρa)Jn (k2ρa)− Jn (k2ρa)Jn (k1ρa)

]
,

(7)

the transmission coefficient matrix is

T21 =
2ω

πk22ρa
D

−1 ·
[
ε2 0
0 −μ2

]
, (8)

where

D =
[
Jn (k1ρa)H

(2)
n (k2ρa)−H

(2)
n (k2ρa) Jn (k1ρa)

]
. (9)

The reflection coefficient matrix R12 and transmission coeffi-
cient matrix T12 (the wave propagates from inside to outside)
can be obtained with a similar method. When the plane wave is
perpendicular to the cylinder, kz is zero, i.e., T (MN)

n and T (NM)
n

are zero, and there is no coupling between TE and TM waves. For
a single multilayer cylinder (1, 2 · · ·n represents layer 1 to layer
n, and layer n is air), we can derive the generalized reflection
coefficient matrix based on the boundary conditions

R̃i,i−1 = Ri,i−1 + Ti−1,i · R̃i−1,i−2·(
I−Ri−1,i · R̃i−1,i−2

)−1

· Ti,i−1, (10)

where R̃i,i−1 is the generalized reflection coefficient matrix
from the ith to the (i− 1)th layer (including the internal multiple
reflections), Ri,i−1 is the reflection coefficient matrix from the
ith to the (i− 1)th layer, Ti,i−1 is the transmission coefficient
matrix from the ith to the (i− 1)th layer. Therefore, starting

from the innermost layer (R̃1,0 = 0), we can iteratively solve

the outermost generalized scattering coefficient matrix R̃i,i−1,
so as to get the element values in T matrix.

B. Scattering of Multiple AFAIs

Assuming there are Pn AFAIs, the total scattered field can be
written as

Esca(ρ, z) =

Pn∑
i=1

Esca
i (ρ, z), (11)

where Esca
i (ρ, z) is the scattered field of the ith scatterer, and

Esca
i (ρ, z) can be expanded as

Esca
i (ρ, z) =

∑
n

Ψ̄t
n (kρ,ρ− ρi) · ain, (12)

where ρi is the center of the ith scatterer. Since the coefficients
are obtained by expanding the scattered field of each scatterer at
its local coordinate center, the coordinate translationρ− ρi here
represents the translation of the field centered at each scatterer
to the field centered at the global coordinate center. Different
scatterers are expanded at different coordinate centers, and the

coordinate translational formulas are

Ψ
t
n(k,ρ) =

∑
n′

�gΨt
n′ (k,ρ′) ·αn′,n (ρ− ρ′) ,

|ρ′| < |ρ− ρ′| , (13)

Ψ
t
n(k,ρ) =

∑
n′

Ψ
t
n′ (k,ρ′) · βn′,n (ρ− ρ′) ,

|ρ′| > |ρ− ρ′| , (14)

�gΨt
n(k,ρ) =

∑
n′

�gΨt
n′ (k,ρ′) · βn′,n (ρ− ρ′) ,

∀ |ρ′| , |ρ|. (15)

For the ith cylinder, at its coordinate center, the incident wave
are the outward wave emitted from the excitation source plus
the outward waves scattered from all other cylinders

Einc
i (ρ, z) = Einc(ρ, z) +

∑
j �=i

Esca
j (ρ, z)

=
∑
n

Ψ̄t
n(k,ρ−ρ̃)·bn+

∑
j�=i

∑
n

Ψ̄t
n(k,ρ−ρj)·ajn,

(16)

where ρ̃ is the reference coordinate center of the source, and all
outward waves are converted to inward waves after bringing in
the translational formulas

Einc
i (ρ, z) =

∑
n

�gΨt
n (k,ρ− ρi)

∑
n′

αn,n′ (ρi − ρ̃) · bn′

+
∑
j�=i

∑
n

�gΨt
n (k,ρ−ρi)

∑
n′

αn,n′(ρi−ρj)·ajn′

=
∑
n

�gΨt
n (k,ρ− ρi)

[∑
n′

αn,n′ (ρi − ρ̃)

·bn′ +
∑
j �=i

∑
n′

αn,n′ (ρi − ρj) · ajn′

⎤⎦ . (17)

If the source is a plane wave and the reference center is the
global coordinate center, we extract the e−jkzz component to
derive the expansion coefficients of the tangential component of
the incident field for the ith cylinder as

hi
n =

⎡⎣bi
n +

∑
j �=i

∑
n′

αn,n′ (ρi − ρj) · ajn′

⎤⎦ , (18)

bi
n represents the expansion coefficients of the tangential com-

ponent of the incident plane wave when the ith scatterer is
regarded as the coordinate center. For TM waves, the expansion
coefficients are

bn = j−ne−j(kxxi+kyyi)ejnφ, (19)

based on the T matrix of a single AFAI, we can obtain

ai = T
i · hi, i = 1, . . . , Pn, (20)
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where ai are the expansion coefficients of the scattered field

of the ith cylinder (to be solved), and T
i

is the T matrix of
the ith cylinder. A number of Pn matrices can form a matrix
equation, where the expansion coefficients of the scattered fields
of each cylinder are the unknowns. We write all the expansion
coefficients into a vector, and (18) can be written as the matrix
equation

a = T ·
[
b+A · a

]
, (21)

where A is the operator that takes into account the central
coordinate shift and the summation of the scattered fields of
the other j scatterers in (18). (21) can be solved by the inverse
of matrix

a =
(
I−TA

)−1

T · b, (22)

the specific elements of the matrix are presented in (23) shown
at the bottom of this page.

In (23), assume there aren = (2M + 1) cylindrical harmonic
functions. Then, ai and bi are 2(2M + 1)× 1 column vectors,
representing the expansion coefficient of the scattered field
and the incident plane wave (including TM and TE polariza-

tions) when the ith scatterer is the coordinate center. T
i

is
a 2(2M + 1)× 2(2M + 1) matrix, representing the T matrix
between the incident field and the scattered field for each scat-
terer. 0 represents the matrix where all the elements are 0.
The αi,j with dimension 2(2M + 1)× 2(2M + 1) represents
the transition matrix from the jth scatterer to the ith scatterer,
including the TM and TE waves, as discussed in Appendix B.
The matrix form of αi,j is

αi,j =

[
αM

i,j 0
0 αN

i,j

]
, (24)

where αM
i,j represents the transition matrix for TM waves, and

αN
i,j represents the transition matrix for TE waves, their matrix

dimensions are both (2M + 1)× (2M + 1).

C. Formulas of RCS

Based on the above equations, the expansion coefficients of
the scattered fields of single and multiple 2-D AFAIs are solved.
Then, we can approximately calculate the objective RCSs of 3-D
AFAIs. When the incident plane wave is along the θ direction,
the radar scattering width of the 2-D cylinder along the 180◦ − θ
direction (objective RCS direction) can be calculated with [41]

σ2D = lim
ρ→∞

2πρ

sin θ

|Esc
z |2 + |Z0H

sc
z |2

|Einc
z |2 + |Z0H inc

z |2 , (25)

where θ is the incident angle, |Esc
z | and |Z0H

sc
z | are the scattered

fields of TM and TE waves, and Z0 is the free-space wave
impedance. Since the scattered field can be expanded under
H

(2)
n , after solving for the expansion coefficients of the total

scattered field, we can use the far-field form of H(2)
n to obtain

the scattering width. When ρ tends to infinity, we have [30]

H(2)
n (kρρ) ∼

√
2

πkρρ
e−j(kρρ−nπ

2 −π
4 ). (26)

Combining Eqs. (25) and (26), the distance term ρ is eliminated,
while kρρ and −π

4 in the exponential term do not affect the
results. If the amplitude of Einc

z is 1 and the amplitude of H inc
z

is 1/Z0, the expression for radar scattering width would be

σ2D =
2

kρ sin θ

⎡⎣∣∣∣∣∣
∞∑

n=−∞
aMn exp(jnπ/2 + jnφ)

∣∣∣∣∣
2

+

∣∣∣∣∣
∞∑

n=−∞
Z0a

N
n exp(jnπ/2 + jnφ)

∣∣∣∣∣
2
⎤⎦ , (27)

where aMn and aNn represent the expansion coefficients of TM
and TE waves. In fact, the exp(jnπ/2 + jnφ) is used as the ex-
pansion base instead of the Hankel function when calculating the
far-field RCS. After obtaining the 2D scattering width, we can
approximate the 3-D RCS of according to Knott’s equation [29]

σ3D = (2σ2D/λ0)

∣∣∣∣H sin(k0H cos(θ))

k0H cos(θ)

∣∣∣∣2 , (28)

where H is the length of the cylinder and k0 is the free-space
wavenumber. This equation assumes that there are no reflections
at the upper and lower edges inside the cylinders, so it is suitable
for slender cylindrical structures such as AFAIs. The errors
brought by using (28) will become larger at oblique incidence
compared to perpendicular incidence, due to the stronger re-
flections at the edges inside the cylinders. Although there are
errors by implementing this approximate method for estimating
the 3-D RCS of AFAIs, the errors in the objective scenario are
acceptable, as we discussed in the next section.

IV. NUMERICAL RESULTS

A. RCS of AFAI

In this subsection, we present the RCSs of one, two and 3× 3
AFAIs under the incidences of both TM and TE waves. For
the parameters of the AFAI, the single AFAI is modeled as a
nine-layer plasma cylindrical structure with lengthH = 1100m
and radiusR = 55m, and each layer has the same thickness. The
cutoff frequencies of the plasmas in the nine layers are the same

⎡⎢⎢⎢⎣
a1

a2

...
aPn

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
T

1
0 · · · 0

0 T
2 · · · 0

...
...

. . .
...

0 0 · · · T
Pn

⎤⎥⎥⎥⎥⎦ ·

⎛⎜⎜⎜⎝
⎡⎢⎢⎢⎣
b1

b2

...
bPn

⎤⎥⎥⎥⎦+

⎡⎢⎢⎢⎣
0 α1,2 · · · α1,Pn

α2,1 0 · · · α2,Pn

...
...

. . .
...

αPn,1 αPn,2 · · · 0

⎤⎥⎥⎥⎦ ·

⎡⎢⎢⎢⎣
a1

a2

...
aPn

⎤⎥⎥⎥⎦
⎞⎟⎟⎟⎠ (23)
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TABLE II
RELATIVE ERRORS OF THE RCSS OF AFAIS CALCULATED WITH ANALYTICAL METHOD UNDER OBLIQUE INCIDENCE

TABLE III
COMPUTATIONAL COSTS OF THE RCSS OF AFAIS UNDER OBLIQUE INCIDENCE (NUMERICAL/ANALYTICAL)

Fig. 3. Positions of the two AFAIs in Cartesian coordinate.

as that in Table I. When calculating the scattered field of a single
AFAI, the geometric center of AFAI is located at the global
coordinate center. In the case of the two AFAIs shown in Fig. 3,
the coordinate positions are (−3R,−3R) and (3R, 3R), with the
height of cylinder ranging from−H/2 toH/2. When calculating
the scattered field of 3× 3 AFAIs, the x and y coordinates are
taken as the values within [−3R, 0, 3R], i.e., the cylinders are
uniformly distributed with a spacing of 3R. The wavelength of
the incident plane wave is set as 55 m (5.45 MHz), and two
representative angles are taken as the incident angles, including
the perpendicular incidence (θ = 90◦, φ = 180◦) for monostatic
RCS and the oblique incidence (θ = 135◦, φ = 180◦) for bistatic
RCS.

The RCSs are calculated based on the T-matrix algorithm
in Section III, and then compared to the results obtained from
full-wave simulations empowered by commercial software CST
MWS. When the incident plane wave is perpendicular to the
cylinders (θ = 90◦, φ = 180◦), the comparisons of the RCSs
are shown in Fig. 4. In perpendicular incidences, the results
obtained from the T-matrix algorithm are almost the same as
that obtained from full-wave simulations, proving the validity of
the generalized-reflection-coefficient method and the T-matrix
algorithm. Under the oblique incidence (θ = 135◦, φ = 180◦),

TABLE IV
RCSS OF ONE AFAI AT DIFFERENT FREQUENCIES

TABLE V
RCSS OF 3×3 AFAIS AT DIFFERENT FREQUENCIES

the comparisons of the RCSs are shown in Fig. 5. The errors
brought by (28) become larger in some scenarios, because the
reflections at the ends of the cylinders are stronger. Therefore,
we can find that the errors are more obvious at some φ angles,
such as φ = 0◦ in Fig. 5(a), φ = 30◦ in Fig. 5(b) and φ = 60◦ in
Fig. 5(e). However, as presented in Table II, the relative errors
of RCSs along the objective direction of θ = 45◦, φ = 180◦

are less than 5%, which is generally acceptable for estimating
the performance of AFAI-based long-wave communications.
Meanwhile, compared to full-wave simulations, the computation
time can be reduced from several hours to several seconds by
applying the analytical T-matrix algorithm. The specific compu-
tational costs (memory and time) with numerical and analytical
methods are compared in Table III, it can be found that the
computational costs are significantly reduced by applying the
T-matrix algorithm, and more calculation time is needed when
the number of AFAIs increases.

B. Objective RCSs At Different Frequencies

The electrical sizes of AFAIs are large at high frequencies,
thus it is time-consuming to calculate the RCSs by full-wave
simulations. We compare the objective RCSs (θ = 45◦, φ =
180◦) of one and 3×3 AFAIs at 5 MHz, 8 MHz and 15 MHz
under oblique incidence (θ = 135◦, φ = 180◦), as presented in
Table IV and Table V. When calculating the objective RCS of
a single AFAI, the results obtained from T-matrix algorithm
are in good agreement with the results obtained from full-wave
simulations, where the relative errors are within %5. For 3×3
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Fig. 4. RCSs (θ = 90◦, φ = 0◦ − 359◦) of AFAIs under the incidences of TM and TE waves (incident angle: θ = 90◦, φ = 180◦). (a-b) RCSs of one AFAI
under the incidences of TM and TE waves. (c-d) RCSs of two AFAIs under the incidences of TM and TE waves. (e-f) RCSs of 3×3 AFAIs under the incidences
of TM and TE waves.

AFAIs, the RCS errors are relatively large (3.73 dB) under the
incidence of 15 MHz TE wave, but the relative errors in the other
cases are all within %5.

Furthermore, based on the T-matrix algorithm, we calculate
the objective RCSs (θ = 45◦, φ = 180◦) of one and 3×3 AFAIs
under oblique incidence (θ = 135◦, φ = 180◦) at different fre-
quencies, as shown in Fig. 6. Within the frequency range of
5–50 MHz, the objective RCSs of AFAIs gradually decreases,
which is in consistent with the results indicated by Fig. 2.
Also, larger number of AFAIs can produce larger RCS, and
the RCS becomes oscillating at some frequencies. Considering

the parameters of AFAIs set in this paper, the performance
of AFAI-based communication is relatively good within the
frequency range 5-15 MHz, where the decrease of RCS from
5 MHz to 15 MHz is smaller than 20 dBm2. When the fre-
quency becomes higher than 50 MHz, the signals will almost
pass through the AFAIs. This paper verifies the applicability of
estimating the objective RCS by the T-matrix algorithm, and
the specific parameters of AFAIs can be set according to the
practical requirements.

In addition, from Tables IV and V, it can be found that the
analytical method is more accurate at relatively low frequencies,
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Fig. 5. RCSs (θ = 45◦, φ = 0◦ − 359◦) of AFAIs under the incidences of TM and TE waves (incident angle: θ = 135◦, φ = 180◦). (a)–(b) RCSs of one AFAI
under the incidences of TM and TE waves. (c)–(d) RCSs of two AFAIs under the incidences of TM and TE waves. (e)–(f) RCSs of 3×3 AFAIs under the incidences
of TM and TE waves.

Fig. 6. Objective RCSs of AFAIs at different frequencies. (a) TM wave. (b) TE wave.
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i.e., the electrical sizes of AFAIs are not too large. At high
frequencies, the analytical method requires a large number of
cylindrical harmonic functions to maintain the accuracy of the
solution. Meanwhile, the values of the cylindrical harmonic
functions tend to be infinite or infinitesimal when the order of
the cylindrical harmonic functions is too large, and the accuracy
of the transition matrix is also difficult to be maintained at this
time (translation of higher order cylindrical harmonic functions
requires more expansion terms).

V. CONCLUSION

In this paper, based on the physical properties of AFAIs,
T-matrix algorithm is used for analytically estimating the objec-
tive RCSs of AFAIs after making reasonable approximations.
Compared to full-wave simulations, utilizing the T-matrix algo-
rithm can reduce the computation time from several hours to
several seconds, while maintaining the acceptable RCS errors.
The scattering characteristics of AFAIs at different frequencies
are investigated, indicating that AFAIs can only work as re-
flectors at relatively low frequencies (dependent on the specific
parameters of AFAIs). The proposed method can be used for
quickly predicting the performance of ionospheric AFAI-based
communications.

APPENDIX A
ISOTROPIC APPROXIMATION OF AFAI

Within the frequency range considered in this paper, the
anisotropic plasma in AFAIs can be degenerated into the
isotropic plasma described by Drude model [39]. Although this
approximation is not strict, the errors of objective RCSs brought
by the isotropic approximation are within an acceptable range.
The isotropic approximation can alleviate the computational
burden, especially for the large-scale scattering problems in
ionosphere.

According to magnetized plasma model [38], the permittivity
of plasma in the ionosphere is a tensor

ε̂ = ε0(I+M), (29)

where ε0 is the permittivity in free space, I is the identity matrix,
and M is the electric polarization matrix of the ionosphere. The
expression of the M matrix is

M = − X

U (U2 − Y 2)

⎡⎣ U2 −jUY 0
jUY U2 0
0 0 U2 − Y 2

⎤⎦ , (30)

where U = 1− jν/ω, ν is the effective collision frequency
of the ionosphere, X = ω2

0/ω
2, Y = ωH/ω, ω0 is the plasma

cutoff frequency of the ionosphere (ω2
0 = N2

e

ε0me
),ω = 2πf is the

angular frequency of incident wave, Ne is the electron density,
me is the electron mass. ωH is the electron cyclotron frequency
of the ionosphere (ωH = | eB0

me
|, e is the electron charge), the

specific parameters can be obtained from the International Ref-
erence Ionosphere Model (IRI) [40]. The magnetic induction
density of the geomagnetic field B0 generally ranges from 0.25
to 0.65 Gauss. When B0 is 0.5 Gauss, ωH ∼ 8.8× 106, and
ν ∼ 103 is taken in this paper. Hence, the permittivity can be

Fig. 7. The values of ε2/ε1 and ε3/ε1 at different frequencies.

rewritten as

ε̂ = ε0

⎡⎣ ε1 jε2 0
−jε2 ε1 0
0 0 ε3

⎤⎦ , (31)

where

ε1 = 1− XU

(U2 − Y 2)

ε2 =
XY

(U2 − Y 2)

ε3 = 1− X

U
. (32)

In the desired frequency band, ν/ω 
 1, i.e., U ≈ 1. if U2 is
large compared to Y 2, then ε1 ≈ ε3, ε2 ≈ 0, and the anisotropic
plasma degenerates to the isotropic medium. When the fre-
quency of incident wave is 5 MHz, Y 2 = (ωH/ω2) = 0.078,
which is small compared toU2. The specific values of ε2/ε1 and
ε3/ε1 at different frequencies are shown in Fig. 7, it can be found
that ε3 is very close to ε1 and the value of ε2/ε1 is small when the
frequency is larger than 5 MHz. To further analyze the specific
effects of isotropic approximation, we calculate the objective
RCSs of anisotropic and isotropic cylinders under different
incident angles by full-wave simulations. The cylinder size and
electron density are consistent with the numerical examples in
Fig. 4(a)–(b), and the results are depicted in Fig. 8. Considering
the AFAIs investigated in this paper, we can find that the isotropic
approximation brings acceptable relative errors (within 5%) on
objective RCSs when the frequency is higher than 5 MHz.

APPENDIX B
TRANSLATIONAL FORMULA

The translational formula of Hankel function is [30]

H(2)
m (kρ |ρ− ρ′|) e−jmφ′′

={∑∞
n=−∞ Jn−m (kρρ

′)H(2)
n (kρρ) e

−jnφ+j(n−m)φ′
, ρ > ρ′∑∞

n=−∞ H
(2)
n−m (kρρ

′) Jn (kρρ) e−jnφ+j(n−m)φ′
, ρ < ρ′

(33)
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Fig. 8 The objective RCSs of isotropic and anisotropic cylinders at different frequencies and incident angles. (a) Perpendicular incidence (θ = 90◦, φ = 180◦),
observation angle is θ = 90◦, φ = 180◦. (b) Oblique incidence (θ = 135◦, φ = 180◦), observation angle is θ = 45◦, φ = 180◦.

From the perspective of one scatterer, the scattered fields of the
other scatterers are inward waves, so the translational formula
used in this paper is the case of ρ < ρ′. The specific elements in
the transition matrix are

[αij ]nm = H
(2)
n−m (kρφ

′) ej(n−m)φ′
ij . (34)

The number of the expansion coefficients of the translational
formula is taken the same as that of the scattered field [35],
which makes αij a square matrix, otherwise the (23) cannot be
solved. According to the Wiscombe condition [42], the number
of expansion coefficients for yielding convergent results is

NWis(kρρ) = kρρ+ 4.05(kρρ)
1/3 + 2. (35)

When the size of scatterer or the number of scatterers increases,
more expansion terms are needed to maintain the accuracy of
the T-matrix algorithm.
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