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Abstract Hannan limitation describes the array performance limit for large 2D planar antenna arrays and demonstrates the inevitable

radiation efficiency degradation caused by mutual coupling effects between array elements. However, this limitation is derived based

on the assumption of infinitely large 2D arrays, which means that it is not an accurate law for small size arrays. In this paper, we

extend this theory and propose an estimation formula for the radiation efficiency upper limit of finite-sized 2D arrays. Furthermore, we

analyze a 3D array structure consisting of two parallel 2D arrays. Specifically, we provide evaluation formulas for the mutual coupling

strengths for both infinite and finite-size 3D arrays and derive the fundamental efficiency limit of 3D arrays. Moreover, based on the

established gain limit of antenna arrays with fixed aperture sizes, we derive the achievable gain limit of finite-size 3D arrays. Besides the

performance analyses, we also investigate the spatial radiation characteristics of the considered 3D array structure, offering a feasible

region for beamforming phase settings under a given energy attenuation threshold. Through simulations, we demonstrate the effectiveness

of our proposed theories and gain advantages of 3D arrays for better spatial coverage under various scenarios.
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1 Introduction

Multiple-input-multiple-output (MIMO) technologies have advanced significantly in 4G and 5G communications,
proving to be an effective means of enhancing communication rates and reliability, and driving substantial progress
in the field. However, theoretical analysis in electromagnetic (EM) and antenna theories suggests that the maximum
array gain of a planar array is only dependent on the array aperture size, expressed as Gmax = 4π

λ2 Ap, where Ap

represents the physical area of the aperture and λ is the wavelength [1, Eq. (12-37)]. Although this result is derived
for a constant distribution aperture, it is equally applicable to arbitrary 2D arrays. While expanding the aperture
size of planar arrays to increase the number of antennas can enhance system performance, practical constraints
such as the physical sizes of base stations, wind resistance, and hardware costs impose an upper limit on the size
of the antenna array’s aperture area. Additionally, for large 2D arrays, the directivity during beamforming across
different spatial directions follows the variation D = Dmax cos θ ( [1, Eq. (6-103)] and [2]), where θ represents
the angle between the beamforming direction and the vector perpendicular to the planar array. The cos θ factor
accounts for the decrease in directivity due to the decrease in the projected area of the array. For practical arrays,
the array gain is equal to the directivity multiplied by the array radiation efficiency (G = ηD, where η represents
the array radiation efficiency). Therefore, the array gain for edge users is significantly reduced, leading to poorer
service quality. Due to the aforementioned problems, it is natural to think if it is possible to further facilitate MIMO
communications and augment the proven benefits of multi-antenna technologies.
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1.1 Prior work

Several technologies have been developed to improve MIMO communications due to their successful implementations
[3–5]. These include massive MIMO communications [6–15], reconfigurable intelligent surface (RIS) aided MIMO
communications [16–26], and the recently emerged holographic MIMO (HMIMO) communications [27–32], which is
developed from the concept of massive MIMO by integrating an immense (potentially infinite) number of antennas
into a compact space [31]. Specifically, RIS has been demonstrated to have the capability to improve wireless
signal coverage [33, 34]. Moreover, recent advancements in HMIMO communications can partially address the
aforementioned issues due to the new physical properties in HMIMO systems, such as EM coupling effects and
reconfigurable antenna elements [35]. These new properties enable improved array performance at large radiation
angles through superdirectivity [36,37], thus partially resolving the aforementioned challenges. Refs. [35,38,39] have
provided a comprehensive introduction to the emerging HMIMO wireless communications, particularly highlighting
the HMIMO near-field communications, theoretical foundations, hardware architectures, and enabling technologies.
However, although these emerging technologies can partially address the current issues, their primary objectives
remain to enhance the overall performance of communication systems.

Another significant challenge faced by emerging technologies in MIMO arrays is that their achievable gain remains
constrained by the array aperture area [40–46]. Hannan [47] investigated the limits of radiation efficiency for antenna
elements in an infinitely large planar array and introduced the concept of embedded element efficiency. For antenna
arrays with element spacing less than or equal to half a wavelength, the upper bound of the radiation efficiency for
each element is given by πAe

λ2 , where Ae denotes the physical area of an individual antenna element. This expression
reflects an important physical constraint: under a fixed total aperture area Ap, increasing the number of antenna
elements reduces the area of each element and intensifies mutual coupling effects between them. As a result, the
radiation efficiency of each element decreases proportionally. Consequently, further reducing the element spacing
below half a wavelength—although allowing more antennas to be placed within the same aperture—does not lead
to higher total array gain, as the gain saturates due to efficiency degradation. Subsequent studies such as [48, 49]
have verified through numerical measurements the good approximation of the embedded element efficiency method
for large practical 2D arrays and its utility in design and numerical analysis. Wasylkiwskyj et al. [50–53] extended
research on radiation efficiency issues for different antenna arrays, including linear arrays, finite excitation arrays,
and grating lobe arrays, among others. Furthermore, besides radiation efficiency, other performance indicators
such as the degrees of freedom (DoF) and achievable gain of antenna arrays are also constrained by the aperture
area [40, 44].

Consequently, it is logical to consider whether applying 3D antenna arrays can break the gain limitations of
planar arrays and improve beamforming capabilities for edge users, thus enhancing the overall performance and
full-space coverage capabilities of the antenna array. Refs. [54–56] have investigated the directivity and effective area
of 3D antenna arrays with different geometric structures. Specifically, for 3D arrays of standard geometric shapes,
approximate analytical expressions have been proposed, and for more general arrangements of arbitrary 3D array
structures, more complex integral expressions have been provided. However, these analyses of 3D array performance
focus solely on the array radiation characteristics corresponding to the geometric arrangement of ideal radiating
elements. Usually, 100% radiation efficiency and isotropic radiation pattern assumption are adopted, which are
not realistic in practical scenarios. Since the effects of inter-element coupling and radiation efficiency reduction are
overlooked, the resulting directivity limits cannot accurately represent the array gain limits of practical arrays. In
terms of system performance, Refs. [36, 57–59] have studied the communication performance of 3D arrays in both
line-of-sight (LOS) and non-line-of-sight (NLOS) scenarios. Specifically, Refs. [57, 58] revealed the marginal effects
of far-field LOS channels. Ji et al. [36] utilized the electromagnetic coupling effects of HMIMO arrays combined
with the 3D array structure to achieve multiple superdirective beams in space and evaluated the spectral efficiency
in NLOS scenarios, which can be applied to multi-beam or edge networks [60,61]. Yuan et al. [59] evaluated the DoF
and capacity performances of a fabricated two-layer 3D array in both Rayleigh and 3GPP scenarios. Furthermore,
the use of stacked intelligent hypersurfaces [29,62] for interlayer computation and signal processing tasks also shares
some conceptual similarities with 3D antenna arrays. However, to the best of the authors’ knowledge, no previous
work has derived the performance upper bounds for 3D arrays.

1.2 Our contribution

In this paper, we extend the theoretical analysis of Hannan limitation and explore the performance limits for 3D
arrays. Specifically, we first introduce the concept of beam feasible region for 2D uniform arrays and give the
efficiency upper bound of finite-sized 2D arrays. Furthermore, we derive the fundamental efficiency and gain limit
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for a two-layer 3D array structure. Moreover, for 3D antenna arrays, we also investigate their spatial radiation char-
acteristics and present the 3D beam feasible region under a given energy attenuation threshold. The contributions
of this paper are listed as follows.

• We investigate the efficiency upper bound for finite-dimensional 2D arrays and both the efficiency and gain
limit for 3D arrays. Specifically, the extension from infinite to finite-size arrays is achieved by analogizing the
relationship between the active reflection coefficients and mutual coupling coefficients of the antenna array to the
2D discrete Fourier transform (DFT). Through this process, we successfully express the mutual coupling strength of
the antenna array as the sampled values of the active reflection coefficients at a finite number of points. Moreover,
for 3D arrays, the gain limit is proportional to their average spatial projection area.

• For two-layer 3D arrays, we investigate their spatial radiation characteristics and energy attenuation properties
under different phase configurations. We also derive the beam feasible regions of the 3D array under a given energy
attenuation coefficient constraint.

• Simulation results are provided to validate our proposed theorems and the spatial radiation characteristic
analysis of 3D arrays. Additionally, the results quantify the achievable gain of a typical two-layer 3D array structure
compared to a planar 2D array (for example, 37.5% gain for 2λ× 2λ aperture size with a 0.75λ inter-layer spacing).

The rest of this paper is organized as follows. In Section 2, a brief introduction to the derivation of the 2D
array efficiency limit is given. Next, theoretical analyses are carried out in Section 3 to extend the aforementioned
methods to the evaluation of the efficiency for finite-dimensional 2D arrays. In Section 4, efficiency and gain limits
for two-layer 3D arrays are provided. After that, the spatial radiation characteristics of two-layer 3D arrays are
investigated in Section 5, and the corresponding spatial feasible region is also presented. Simulation results are
provided in Section 6 to validate our theoretical analyses and the performance gain of a practical 3D array. Finally,
some remarks and conclusion are given in Section 7.

2 Performance limit of 2D array

Hannan [47] introduced in 1964 the embedded element efficiency concept that explained the so-called element-gain
paradox in planar antenna arrays, i.e., that the array gain is always smaller than the sum of the element gain.
Subsequent studies [48, 49] further demonstrated the effectiveness of this approach by evaluating the directivities
and aperture efficiencies of planar arrays composed of open-ended waveguides and dipoles, respectively, across a
wide range of element spacings. Specifically, the theoretical value for the embedded element efficiency theory lies in
the fact that for M ×N planar array elements, the array gain can be found as MN times the element gain of the
embedded element when the embedded element efficiency is included in the element gain model. Moreover, a similar
conclusion in a more general form was summarized in [63]. The most important conclusion of these developments is
that for a planar array of identical elements situated in identical array environments (i.e., idempotent array), and
with the same phase shift in adjacent antenna elements, a necessary amount of mutual coupling must exist among
the elements of the array, which can be overall represented by the element efficiency parameter. In the following
part of this section, we will provide a brief overview of Hannan’s derivation approach and explicitly outline the
constraint conditions associated with the aforementioned conclusions. This will serve as a foundation for extending
these findings to the finite 2D array and 3D array scenarios in the following sections.

2.1 Array reflection and radiation

We first consider an infinitely large 2D planar antenna array, as illustrated in Figure 1. For 2D cases, only layer
1 exists, and we adopt the concepts of coupling and energy reflection coefficients introduced in [47]. The coupling
coefficient Cpq can be defined through the following process in Figure 1(b): by exciting a single element and
measuring the reflected energy at all ports, the coupling coefficient is defined as the ratio of the signal reflected
at the receiver to the signal available at the generator. This coefficient is generally a complex coupling coefficient,
as both the amplitude and the phase are measured. Based on the definition of the coupling coefficient, the energy
reflection coefficient can be defined through the symmetrical process shown in Figure 1(a): when the entire array is
excited with a linear phase difference of α along the x-axis and β along the y-axis, the ratio of the signal reflected
at the reference antenna to the signal available at the generator is measured. Finally, the coupling and energy
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Figure 1 (Color online) (a) Effect of mutual coupling on array radiation and (b) determination of mutual coupling.

reflection coefficients are related by the following equation due to reciprocity and superposition:

R(α, β) =

+∞
∑

p=−∞

+∞
∑

q=−∞
Cpqe

j(pα+qβ)

(a)
=

+∞
∑

p=−∞

+∞
∑

q=−∞
Cpq cos (pα+ qβ) ,

(1)

which corresponds to the physical interpretation that the reflected signal R(α, β) is the sum of the products of the
coupling coefficients and the corresponding generator phase factors. Moreover, Cpq represents the array coupling
coefficients relative to the reference antenna point, where p is the column index and q is the row index, respectively.
Eq. (a) is due to symmetry Cpq = C−p−q in infinitely large arrays.

Eq. (1) is essentially a 2D Fourier series. Therefore, Parseval’s theorem can be used to establish the energy
relationship between the reflection coefficients and the coupling coefficients as follows:

1

π
2

∫

π

α=0

∫

π

β=0

|R (α, β)|2 dαdβ =

+∞
∑

p=−∞

+∞
∑

q=−∞
|Cpq|2 , (2)

which means that the average power returned to a transmitter in a fully operational array is equal to the net power
returned to all transmitters when only one transmitter is excited (the power is averaged over the angle range [0,
π]). Moreover, based on the above energy relationship, an expression for the reduction in radiation efficiency due
to mutual coupling can be provided [47]:

η = 1−
+∞
∑

p=−∞

+∞
∑

q=−∞
|Cpq|2

= 1− 1

π
2

∫

π

α=0

∫

π

β=0

|R (α, β)|2 dαdβ.

(3)
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Figure 2 (Color online) 2D array spatial radiation characteristics.

2.2 2D feasible region

In this subsection, we establish the concept of the beam feasible region for a 2D array and introduce the ideal
properties of R(α, β) based on this. First, for a linear array along the x-axis, the linear phase difference α creates
an add-in phase direction in space with an angle µ to the x-axis, as shown in Figure 2(a). The relationship between
them is given by

α = −2π
dx cosµ

λ
, (4)

where dx is the antenna interspace. Obviously, the direction of phase coherence addition forms a conical shape in
space for the linear array. For a 2D array, the phase differences α and β along the x-axis and y-axis, respectively,
form two cones with angles µ and ν to the x-axis and y-axis. If these two cones do not intersect, it means the 2D
array cannot radiate energy in any direction in space (for an infinitely large array). Conversely, if they do intersect,
there exists a spatial radiation direction for the 2D array, as shown in Figure 2(b). From the geometric relationship
of the figure, it is evident that cos2 µ+ cos2 ν = sin2 θ. Therefore, the feasible beam domain of the 2D array can be
defined as

cos2 µ+ cos2 ν 6 1 ⇒
(

λα

2πdx

)2

+

(

λβ

2πdy

)2

6 1. (5)

Based on the above analysis, a reasonable assumption for the reflection coefficient R(α, β) proposed in [47] is that
R(α, β) = 0 in the feasible region, and R(α, β) = 1 in the non-feasible region where the infinite array cannot
effectively radiate. The underlying physical reason is as follows: for an infinite 2D array, the spatial radiation beam
is infinitely narrow within the feasible region, and its spatial beam shape can be approximately considered equal.
However, there is no radiation beam in space outside the feasible region since coherent phase radiation directions
cannot be formed. Ultimately, when there are no grating lobes, the average radiation efficiency limit of an infinite
2D array is

1− 1

π
2

∫∫

π

0

R(α, β)dαdβ =
πdxdy
λ2

. (6)

The significance of this radiation efficiency limit expression lies in its connection between the ideal radiation pattern
of a 2D planar array (with a cos θ shape and directivity equal to 4) and the maximum achievable gain expression

of the antenna array (
4πAp

λ2 ). It indicates that the reduction in radiation efficiency due to mutual coupling remains
unavoidable.
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3 Radiation efficiency of 2D finite arrays

As described in Section 2, Hannan established two insightful formulas: the relationship between the coupling and
reflection coefficients (1), and their corresponding energy relationship (2), which are essentially a 2D discrete-time
Fourier transform (DTFT) and the corresponding Parseval’s theorem as shown below:















DTFT : X(ejω1 , ejω2) =
∑∞

m=−∞
∑∞

n=−∞ x[m,n]e−j(ω1m+ω2n),

Parseval’s theorem : 1
(2π)2

∫ 2π

0

∫ 2π

0

∣

∣X
(

ejω1 , ejω2

)∣

∣

2
dω1 dω2 =

∑∞
m=−∞

∑∞
n=−∞ |x[m,n]|2 ,

(7)















2D Array : R(α, β) =
∑+∞

p=−∞
∑+∞

q=−∞ Cpqe
j(pα+qβ),

Parseval’s theorem : 1
π

2

∫

π

α=0

∫

π

β=0 |R (α, β)|2 dαdβ =
∑+∞

p=−∞
∑+∞

q=−∞ |Cpq|2 .
(8)

By comparing the above equations, it can be observed that the coupling term Cpq is equivalent to the values of the
x[m,n] signal. Based on this observation of mathematical formulas and the corresponding physical mapping, we
can extend the radiation efficiency limits of a 2D infinite planar antenna array to the case of a finite 2D array by
analogizing the derivation process from the DTFT to the DFT. This allows us to estimate the radiation efficiency
upper limit of a finite-size array. To simplify the analysis, we illustrate this approach using the 1D DTFT and
DFT formulas as an example. The 2D DTFT and DFT transformations can be similarly analogized. The formula
transition from 1D DTFT to 1D DFT is

DTFT















X(ω) =
∑∞

n=−∞ x[n]e−jωn,

x[n] =
1

2π

∫ 2π

0
X(ω)ejωndω,

⇒ DFT















X(k) =
∑N−1

n=0 x[n]e−j 2π

N
kn,

x[n] =
1

N

∑N−1
k=0 X(k)ej

2π

N
kn,

(9)

when the time-domain sampled signal x[n] changes from infinite to finite N points, its frequency-domain char-
acteristics are compressed from being describable at arbitrary points to being described at the sampled points
X(ω = 2πk

N
), k ∈ {0, 1, . . . , N − 1}. Recall that we consider the time-domain sampled signal x[n] in the equation as

equivalent to the coupling terms in the analyzed antenna array scenario; therefore, the finite N -point DFT essen-
tially corresponds to the relationship between the coupling and reflection coefficients of a finite-dimensional antenna
array. By replacing the time-frequency variables in the 2D DFT formulation with the corresponding parameters of
a 2D finite array, the reflection coefficients of an infinite 2D array can be rewritten for a finite 2D array as follows:

R(α, β) =

+∞
∑

p=−∞

+∞
∑

q=−∞
Cpqe

j(pα+qβ) ⇒ R00(m,n) =

M−1
∑

p=0

N−1
∑

q=0

Cpqe
j( 2πm

M
p+ 2πn

N
q), (10)

where M and N represent the number of antenna elements along the x-axis and y-axis of the 2D array, respectively,
and R(m,n) represents the sampling point of R(α, β) at (α = 2πm

M
, β = 2πn

N
). The subscript (0, 0) indicates that

the point at the bottom left of the 2D array in Figure 1(a) is selected as the reference point. In this case, the
values of the coupling coefficient subscript (p, q) are positive. Clearly, if another point in the array is chosen as the
reference point, the range of values for (p, q) will differ. The corresponding new energy relationship is

M−1
∑

p=0

N−1
∑

q=0

|Cpq |2 =
1

MN

M−1
∑

m=0

N−1
∑

n=0

|R00(m,n)|2 . (11)

However, for finite-dimensional arrays, we essentially focus only on the overall performance of the array. Therefore,
by denoting the overall reflection coefficient of the finite array as R(m,n), we have the following relationship:

M−1
∑

p=0

N−1
∑

q=0

∣

∣Cpq

∣

∣

2
=

1

MN

M−1
∑

m=0

N−1
∑

n=0

|R(m,n)|2 , (12)

where
∣

∣Cpq

∣

∣ represent the average coupling strengths of the finite array. As an example, we show the sampling
points of a 10× 10 2D array in Figure 3.
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Figure 3 (Color online) Sampling points for a finite dimension 2D array. Blue/red dots represent beamforming sampling points in/out the 2D

feasible region, respectively.

Theorem 1. Element efficiency for a finite 2D array can be formulated as

η = 1−
M−1
∑

p=0

N−1
∑

q=0

∣

∣Cpq

∣

∣

2

= 1− 1

MN

M−1
∑

m=0

N−1
∑

n=0

∣

∣

∣

∣

R

(

2πm

M
,
2πn

N

)∣

∣

∣

∣

2

.

(13)

Remark 1. From Theorem 1, we can transform the problem of estimating the performance limit of a finite 2D
antenna array into the problem of estimating the reflected energy at the discrete sampling points, which is further
investigated in the following subsections.

3.1 Feasible sampling points

When the discrete sampling points are within the feasible region of the 2D antenna array (as indicated by the blue
points in Figure 3), the 2D array has a main radiation direction with coherent phase addition in space. Therefore,
for a 2D array composed of ideal antenna elements without ohmic losses, we can adopt the assumption consistent
with Hannan [47]: the reflection coefficient R equals zero inside the feasible region, i.e., R(m,n) = 0.

3.2 Infeasible sampling points

When the discrete sampling points are outside the feasible region (as indicated by the red points in Figure 3), the
radiation characteristics of the finite 2D array differ from those of an infinite 2D array. For a finite array, sampling
points outside the feasible region do not lead to zero spatial radiation energy. Therefore, a correct assessment of
the radiation efficiency upper limit for a finite 2D array requires further study of the array reflection coefficients
corresponding to sampling points outside the feasible region. However, accurately estimating the active reflection
coefficient of a finite 2D antenna array under arbitrary excitation conditions is a challenging problem in the fields
of electromagnetics and antenna design. In practical scenarios, the commonly used approaches to achieve this are
still full-wave electromagnetic simulations or actual measurements, as exemplified by [64, 65]. In order to achieve
a relatively accurate estimate of the sampling points outside the feasible region without excessively exaggerating
the upper limit of the radiation efficiency for finite-size 2D arrays, we adopt the active reflection coefficient model
proposed in [50], where only a finite number of antenna elements are excited in an infinite plane. Compared to the
finite 2D array under the same settings, this scenario results in more severe ohmic losses and coupling effects for
each antenna excitation generator, thereby reducing radiation efficiency. Thus, applying this model represents a
more conservative estimate of the upper limit of the radiation efficiency for a finite 2D array.

The estimation formula of reflection coefficients R(α, β) for M ×N 2D finite excitation elements in [50] can be
written as

|R(α, β)|2 =
1

(2π)2

∫

π

−π

∫

π

−π

|R(̺, ζ)|2
∣

∣

∣
A(MN)(̺, ζ;α, β)

∣

∣

∣

2

d̺dζ, (14)
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where R(̺, ζ) represents the standard reflection coefficient of infinitely large planar arrays (i.e., zero in the feasible
region and one in the non-feasible region). Moreover, the excitation function can be defined as

A(MN)(̺, ζ;α, β) =

+∞
∑

m=−∞

+∞
∑

n=−∞
ambne

−j(m̺+nζ). (15)

For an M ×N finite-dimensional array, we apply

am =

{

1√
MN

ejmα, |m| 6 M−1
2 ,

0, |m| > M−1
2 ,

bn =

{

1√
MN

ejnβ , |n| 6 N−1
2 ,

0, |n| > N−1
2 ,

(16)

and the excitation function can be written as
∣

∣

∣
A(MN)(̺, ζ;α, β)

∣

∣

∣
=

sin [(M/2)(α− ̺)] sin [(N/2)(β − ζ)]√
MN sin [(α− ̺)/2] sin [(β − ζ)/2]

, (17)

where
∣

∣A(MN)(̺, ζ;α, β)
∣

∣ represents the Fourier transform projection component of the finite excitation sequence
am and bn onto the standard infinite uniform excitation (̺, ζ). Essentially, the above formula connects the reflection
coefficients of finite and infinite arrays through the projection coefficients. Finally, by substituting the estimated
reflection coefficients R(α, β) for the sampling points in the infeasible region in (13), we can obtain the efficiency
upper bound for finite 2D antenna arrays. In the next section, we extend the analysis results for 2D antenna arrays
to 3D cases and provide the efficiency and gain limits for 3D arrays.

4 Performance analyses of 3D arrays

Without loss of generality, the following analysis mainly focuses on two-layer 3D antenna arrays. This is due to
their practical feasibility under hardware complexity and fabrication constraints. However, the proposed analytical
approach can be generalized to multi-layer 3D arrays.

4.1 Efficiency analyses

In this section, we focus on a two-layer 3D antenna array structure, where each layer is a 2D antenna array as
analyzed in Section 2. First, we analyze the case of infinite 2D arrays. Then, the discrete sampling method used to
transition from infinite arrays to finite arrays can be similarly applied to analyze the performance limits of a finite
3D array. For the 3D array structure, we define its spatial radiation characteristics using a total of six parameters,
divided into two groups: (α, β, γ) and (µ, ν, ξ). Specifically, (α, β, γ) represent the linear phase changes between
antenna elements along the (x, y, z) axes, respectively. The corresponding angles between the in-phase directions
and the (x, y, z) axes are represented by (µ, ν, ξ), as shown in Figure 4.

When the beam of the operating array antenna scans the space by varying the phases of element excitations, the
presence of mutual coupling causes the signal reflected into each generator to vary. If all the coupling coefficients
are available, the characteristics of the reflection signal versus the excitation phases can be computed. This is
done simply by adding together the signals from all the generators as they are coupled back into one generator,
as suggested in Figure 1(a). Thus, by reciprocity and superposition, the reflection coefficient of the considered 3D
antenna array can be written as

R(α, β, γ) =

+∞
∑

p=−∞

+∞
∑

q=−∞

[

C0
pqe

j(pα+qβ) + C1
pqe

j(pα+qβ+γ)
]

, (18)

where the coupling terms C0
pq represent the mutual coupling coefficients between the reference antenna element

and other antenna elements within the same 2D array plane, while C1
pq represent the coupling coefficients between

the reference antenna element and the elements in the other planar layer. The relationship between the reflection
coefficients and the coupling coefficients is illustrated in Figure 1. Due to the geometrical symmetry, we have
C0

pq = C0
−p−q and C1

pq = C1
−p−q in infinitely large 3D array cases. Thus, each pair of elements that are symmet-

rical about the reference element contributes a term equal to C0
pq exp [j (pα+ qβ)] + C0

−p−q exp [j (−pα− qβ)] =
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Figure 4 (Color online) Geometry of the considered two-layer 3D array.

(

C0
pq + C0

−p−q

)

cos(pα + qβ). Similarly, the coupling between the reference antenna element and the elements of
another planar antenna array follows the relationship

C1
pq exp [j (pα+ qβ + γ)] + C1

−p−q exp [j (−pα− qβ + γ)]

=
(

C1
pq + C1

−p−q

)

cos(pα+ qβ) exp(jγ).
(19)

By substituting the above symmetry relationships into the active reflection coefficient expression (18), we can obtain
the following Fourier expansion:

R(α, β, γ) =

+∞
∑

p=−∞

+∞
∑

q=−∞

(

C0
pq + C1

pqe
jγ
)

cos (pα+ qβ) , (20)

and the corresponding Parseval’s theorem can be derived as

1

π
2

∫∫

π

0

|R(α, β, γ)|2 dαdβ =

+∞
∑

p=−∞

+∞
∑

q=−∞

∣

∣C0
pq + C1

pqe
jγ
∣

∣

2

=

+∞
∑

p=−∞

+∞
∑

q=−∞

(

C0
pq + C1

pqe
jγ
) (

C0∗
pq + C1∗

pq e
−jγ

)

=

+∞
∑

p=−∞

+∞
∑

q=−∞

∣

∣C0
pq

∣

∣

2
+
∣

∣C1
pq

∣

∣

2
+ C0

pqC
1∗
pq e

−jγ + C0∗
pqC

1
pqe

jγ ,

(21)

where the first two terms are the squared magnitudes of the coupling coefficients, representing the reflected power
that limits the radiation efficiency upper bound of the 3D antenna array. Through further observation, it is evident
that when the inter-layer phase difference is set as γ = 0 and γ = π, the summation of the remaining two correlation
terms can be written as















C0
pqC

1∗
pq + C0∗

pqC
1
pq, γ = 0,

−C0
pqC

1∗
pq − C0∗

pqC
1
pq, γ = π,

which can cancel each other out and be eliminated when summed. Therefore, by investigating the reflection
coefficients of the 3D array under the conditions of γ = 0 and γ = π, and then averaging the results, we can derive
the expression for the radiation efficiency upper bound of the 3D antenna array.
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Theorem 2. The embedded element efficiency for a two-layer infinite 3D array can be written as

η3D = 1−
+∞
∑

p=−∞

+∞
∑

q=−∞

(

∣

∣C0
pq

∣

∣

2
+
∣

∣C1
pq

∣

∣

2
)

= 1−
1
π

2

∫∫

π

0

(

|R(α, β, 0)|2 + |R(α, β,π)|2
)

dαdβ

2
.

(22)

Remark 2. The significance of (22) lies in indicating the average radiation efficiency limit of a 3D array when
performing beamforming across the entire space. Specifically, this requires considering γ as a parameter dependent
on (α, β) to ensure that all antennas are in phase, and performing a double integral of (20) with (α, β) as variables.
However, analytically solving this integral is quite difficult. Therefore, in the above analysis, we treat γ as a third
free variable to obtain more intuitive theoretical analysis results. We have also performed numerical validations for
(22) and (23).

Remark 3. For a two-layer 3D array, we only need to evaluate the reflection coefficients for the two cases where
the phase differences along the z-axis are 0◦ and 180◦. Then, by taking the average, we can obtain the average
coupling intensity and radiation efficiency of the 3D array.

Remark 4. The physical interpretation of (22) is that the energy coupled to other ports will be absorbed by the
load and will not be radiated.

Furthermore, we can apply a similar derivation process as in Section 3, where we transitioned from an infinite 2D
antenna array to a finite 2D array. By discretely sampling the reflection coefficient plane R(α, β, γ), we can extend
(22) to a finite 3D antenna array scenario as follows:

η
(MN)
3D = 1−

M−1
∑

p=0

N−1
∑

q=0

(

∣

∣

∣
C

0

pq

∣

∣

∣

2

+
∣

∣

∣
C

1

pq

∣

∣

∣

2
)

=
1

2
−

∑M−1
m=0

∑N−1
m=0

∣

∣R(2πm
M

, 2πn
N

, 0)
∣

∣

2

2MN

+
1

2
−

∑M−1
m=0

∑N−1
n=0

∣

∣R(2πm
M

, 2πn
N

,π)
∣

∣

2

2MN
.

(23)

Next, we conduct a more detailed analysis of the active reflection coefficient R(α, β, γ) of the considered 3D array
structure. For infinitely large planar arrays, as analyzed earlier, there is no residual radiation in any out-of-phase
condition since the major lobe occupies an infinitesimal angular region. Thus, infinitely large 3D arrays also exhibit
radiation only in the main lobe direction. However, please note that the radiation beams from the two layers of the
3D array are not necessarily in-phase, depending on the setting of γ. Therefore, for the 3D array geometry shown
in Figure 4, the radiation direction is determined by the phase pair (α, β), but the radiation efficiency is determined
by all three parameters (α, β, γ). Specifically, the phase delay induced by the transmission of EM waves with an
angle θ to the z-axis is

δz = −2π
dz cos θ

λ
. (24)

With a phase difference of γ set between different layers, the phase difference between the beams from the two
layers observed in the main lobe direction is

ϕ = γ − 2π
dz cos θ

λ
. (25)

Here, we assume that an ideal array can fully radiate its energy, yielding a reflection coefficient R = 0 when phase
alignment exists between the upper and lower layers, maximizing the main radiation beam. However, when a phase
difference arises between these layers, a mismatch causes some energy to be reflected. In this case, the ratio of

radiated energy to the maximum possible radiated energy is given by
|E+Eejϕ|2

4|E|2 , and the corresponding active

reflection coefficient can be written as

|R(α, β, γ)|2 = 1−
∣

∣1 + ejϕ
∣

∣

2

4
∈ D, (26)
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which corresponds to the percentage of energy that cannot be radiated, and D is the 2D feasible region defined in
(5). The above analysis reveals the differences in spatial energy distribution between 3D and 2D arrays: for 2D
arrays, energy is considered fully radiated if there is an in-phase radiation direction in space; otherwise, there is no
radiation (R(α, β) only takes values of 0 or 1). However, the radiated energy varies with ϕ for 3D arrays, and the
corresponding R(α, β, γ) can take values in the range of [0, 1]. Based on (26), the average reflection coefficient for
a fixed γ can be written as

R̂(γ) =
1

π
2

∫∫

π

0

|R(α, β, γ)|2 dαdβ

= 1−
1

π
2

∫∫

D

1 + cosϕ

2
dαdβ

= 1− πdxdy
2λ2

− 1

π
2

∫∫

D

cos
(

γ − 2πdz cos θ
λ

)

2
dαdβ

(27)

with cos θ =
√

1− sin2 θ =

√

1−
(

λα
2πdx

)2

−
(

λβ
2πdy

)2

. Furthermore, by substituting (27) into (22), we have the

following corollary.

Corollary 1. The embedded element efficiency upper bound for a 3D array consisting of two parallel infinite
planar uniform arrays can be formulated as

η3D =1−
1
π

2

∫∫

π

0

(

|R(α, β, 0)|2 + |R(α, β,π)|2
)

dαdβ

2

=1−
1− πdxdy

2λ2 − 1
π

2

∫∫

D

cos(0− 2πdz cos θ
λ )

2 dαdβ

2

−
1− πdxdy

2λ2 − 1
π

2

∫∫

D

cos(π− 2πdz cos θ
λ )

2 dαdβ

2

=
πdxdy
2λ2

=
1

2
η2D.

(28)

Remark 5. For infinitely large planar arrays, the embedded element efficiency of a 3D array decreases by half
compared to an infinitely large 2D planar array due to the stronger coupling effects between the elements, as the
3D array has more antennas.

Remark 6. Physical explanation: the gain of a 3D array is essentially derived from the increased effective projected
area in the vertical dimension when observed from non-broadside directions. However, for infinitely large planar
arrays, regardless of the finite spacing between the two layers, the increased projected area in the vertical dimension
can always be neglected when observing the array from angles other than the broadside direction. Therefore, for
the observer, the effective area of the antenna array is the same, and thus the corresponding array gain limit is also
the same. However, since the number of antennas has doubled, the average radiation efficiency decreases by half
accordingly.

Remark 7. Although there is no benefit in forming a 3D array from infinitely large planar arrays, a finite-size
3D array can achieve an increased effective aperture area in space compared to corresponding 2D arrays, thereby
obtaining benefits.

Until now, we have obtained an analytical solution for (22). However, it remains an open problem to analyze
and compute the reflection coefficients for finite-dimensional 3D arrays under arbitrary configuration R(α, β, γ).
Therefore, an analytical expression for (23) is difficult to establish. To address this issue, the next section provides
an approximation expression for (23) from the perspective of the gain limit and verifies it through simulation.

4.2 Gain limit of finite aperture 3D antennas

As described in Section 2, the gain limit of large 2D arrays is proportional to the projected area of the antenna
aperture in the observation direction and can be approximated by

4πAp

λ2 cos θ [47]. For a rectangular 3D array
with face areas AxyAxz, Ayz, however, when observed from the spatial direction (θ, φ), the expression for the total
effective area is

Ae = Axy cos θ +Axz sinφ sin θ +Ayz cosφ sin θ. (29)
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Therefore, for any spatial observation region O = {θ1 6 θ 6 θ2;φ1 6 φ 6 φ2}, the average gain limit of the 3D array
normalized to a 2D array of the same aperture size is

G =

∫∫

D
Ae,3D sin θdθdφ

∫∫

D
Ae,2D sin θdθdφ

=

∫∫

D
(Axy cos θ +Axz sinφ sin θ +Ayz cosφ sin θ) sin θdθdφ

∫∫

D
Axy cos θ sin θdθdφ

= 1 +
Axz (cosφ1 − cosφ2)

[

θ2 − θ1 − 1
2 (sin 2θ2 − sin 2θ1)

]

Axy (φ2 − φ1)
1
2 (cos 2θ1 − cos 2θ2)

+
Ayz (sinφ2 − sinφ1)

[

θ2 − θ1 − 1
2 (sin 2θ2 − sin 2θ1)

]

Axy (φ2 − φ1)
1
2 (cos 2θ1 − cos 2θ2)

,

(30)

and the average gain of the 3D array over half space can be approximated by

G = 1 +
Axz +Ayz

Axy

. (31)

Thus, we can approximate (23), i.e., the Hannan limitation for finite-size 3D arrays, from the gain perspective as
follows:

η3D =
N2D

N3D

(

1 +
Axz +Ayz

Axy

)

η2D, (32)

where η2D represents the original Hannan limitation for 2D arrays. N3D and N2D represent the total number of
antennas of finite-size 3D and 2D arrays, respectively.

For practical base station antenna arrays, the horizontal hemispace scanning gain is often more important than
the vertical hemispace scanning gain. This is because, in real communication scenarios, users are usually randomly
distributed in the horizontal plane. However, in the vertical plane, apart from special scenarios such as base stations
near high-rise buildings, the demand for wide-range vertical beamforming is rare. Therefore, considering horizontal
hemispace scanning (θ1 = 0, θ2 = π

2 ;φ1 = φ2 = π

2 ), the average gain of the 3D array, normalized to that of a 2D
array with the same aperture size, is

G = 1 +
Axz

Axy

. (33)

In the above analysis, we consider the projected area of the 3D antenna array in the observation direction as its
effective aperture area. Please note that achieving such a gain is not going to significantly increase the system
complexity or hardware cost. Though the proposed 3D array introduces a higher element count than its 2D
counterpart, when implemented under a hybrid beamforming structure with a fixed number of RF chains, the
increase in hardware and feeding network complexity is marginal; moreover, its fabrication can be achieved with
simple supporting structures, maintaining a complexity level comparable to conventional 2D arrays. However, since
the 3D array gain essentially comes from the additional projection area for non-broadside directions, the more users
are distributed across the whole sector or close to the edge areas, the more benefits we can obtain from utilizing
3D arrays. In the subsequent simulation section, we validate the effectiveness of this method by examining the
hemispherical average gain of actual 3D antenna arrays.

5 3D feasible region

As analyzed in (24), we assume that the excitation phase pair (α, β) produces a spatial beam propagating at an
angle θ with respect to the z-axis in the first octant of space. The corresponding phase change induced by this beam
as it propagates from the lower planar array to the upper planar array is expressed as δz = 2πdz

λ
cos θ. Meanwhile,

the phase difference γ introduced between adjacent elements along the z-axis in the 3D array also corresponds to
a spatial propagation direction at an angle ξ relative to the z-axis. Due to the potential mismatch between the
angles ξ and θ, there will be a difference between the imposed phase shift and the phase shift for beam alignment,
thus reducing the array gain. To quantify this effect, we rewrite the phase difference resulting from the mismatch
between the upper and lower arrays as

ϕ = γ − δz =
2πdz
λ

(cos ξ − cos θ) , (34)
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where ξ represents the angle between the z-axis and the propagation direction determined by the imposed phase
difference γ. The physical meaning of (34) is that when the beam direction dictated by the imposed phase difference
γ (characterized by angle ξ) deviates from the intended beam direction (angle θ), this deviation results in a non-zero
residual phase ϕ, indicating misalignment and subsequent performance degradation.

Assume that in a 3D antenna array structure, the radiation electric field amplitude for a single-layer 2D array is
|E| (which is smaller than the radiation intensity of an individual 2D array structure due to stronger coupling in the
3D array). When the phase between the upper and lower array planes is perfectly matched (i.e., ξ = θ), the radiated
electric field intensity is 2 |E|. In the presence of a phase mismatch ϕ, the total radiated electric field intensity

becomes
∣

∣1 + ejϕ
∣

∣ |E|, resulting in the radiated energy being
∣

∣1 + ejϕ
∣

∣

2
= 2+2 cosϕ times the initial energy. Please

note that our theory can be easily extended from a two-layer 3D antenna array to a multi-layer 3D array scenario.

When the 3D array consists of Lz layers, the expression
∣

∣1 + ejϕ
∣

∣ needs to be modified to
∣

∣

∣

∑Lz

l=1 e
jlϕ

∣

∣

∣
, with the

subsequent analysis remaining the same. From the energy perspective, we introduce an attenuation threshold t such
that t =

∣

∣1 + ejϕt

∣

∣ =
√
2 + 2 cosϕt. When the electric field intensity exceeds t, it is considered a feasible beam;

otherwise, it is deemed an infeasible beam. From the definition of the energy threshold t, it can be derived that

cosϕt =
t2 − 2

2
. (35)

By combining (34) and (35), we can derive that under the condition of a fixed phase shift along the z-axis, the
boundary of θ that satisfies the amplitude threshold t is given by

cos

[

2πdz
λ

(cos ξ − cos θ)

]

=
t2 − 2

2
, (36)

which can be further decomposed into two boundary conditions for θ:

cos θ− − cos ξ =
λ

2πdz
arccos

(

t2 − 2

2

)

,

cos ξ − cos θ+ =
λ

2πdz
arccos

(

t2 − 2

2

)

,

(37)

and the corresponding feasible θ region can be formulated as

θ > θ− = arccos

[

cos ξ +
λ

2πdz
arccos

(

t2 − 2

2

)]

,

θ 6 θ+ = arccos

[

cos ξ − λ

2πdz
arccos

(

t2 − 2

2

)]

,

(38)

which is shown in Figure 5.
From the derivation of the 2D Hannan limitation, we know that the radiation direction of a 2D array and the

conical angles (µ, ν) with respect to the x and y coordinate axes satisfy the relationship sin2 θ = cos2 µ + cos2 ν.
Therefore, the feasible region for the planar phase set (α, β) is given by

{

cos2(µ) + cos2(ν) > sin2(θ−),

cos2(µ) + cos2(ν) 6 sin2(θ+),
(39)

which can be expanded as










(

αλ
2πdx

)2

+
(

βλ
2πdy

)2

> 1−
[

cos ξ + λ
2πdz

arccos
(

t2−2
2

)]2

,
(

αλ
2πdx

)2

+
(

βλ
2πdy

)2

6 1−
[

cos ξ − λ
2πdz

arccos
(

t2−2
2

)]2

.
(40)

The above expansion is due to cosµ = αλ
2πdx

and cos ν = βλ
2πdy

. From (40), we can see that the general feasible region

for a fixed amplitude parameter t forms a ring shape, as illustrated in Figure 6, where we set dx = dy = dz = λ
2 .

In the following, we will analyze UPA arrays with d = dx = dy 6
λ
2 . In this case, the feasible region boundary

simplifies from a more general elliptical shape to a more easily analyzable circular shape. Based on the above
discussions, for any given phase shift parameter γ and amplitude attenuation parameter t, we can derive the
analytical expressions for the area of the feasible region in the (α, β) plane, as well as the inner and outer radii of
this area.
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Figure 5 (Color online) The relationship between the planar feasi-

ble region and the radiation direction of 3D arrays.

Figure 6 (Color online) Planar feasible region for fixed amplitude

parameter t with dx = dy = dz = λ
2
.

Theorem 3. The feasible region of a 2-layer infinite 3D array for a fixed ξ is

r− =

√

(

2πd

λ

)2

−
[

min

(

2πd

λ
cos ξ + arccos

(

t2 − 2

2

)

,
2πd

λ

)]2

,

r+ =

√

(

2πd

λ

)2

−
[

max

(

2πd

λ
cos ξ − arccos

(

t2 − 2

2

)

, 0

)]2

,

S(γ, t) =
2π2d

λ
cos ξ arccos

(

t2 − 2

2

)

.

(41)

From the above theorem, we can derive the normalized 3D feasible volume by integrating γ with the corresponding
feasible region area,

V (t) =
1

π
3

∫

π

0

S(γ, t)dγ. (42)

However, although we have theoretically demonstrated that the feasible plane region where a 3D array can
generate a relatively concentrated radiation beam follows a ring shape, it is not the case that for all values of γ, the
upper and lower bounds of the feasible range are simultaneously within the first quadrant. Specifically, for certain
settings of γ that make ξ close to 0◦ or 90◦ (corresponding to γ = 2πdz

λ
and γ = 0, respectively), θ− and θ+ do not

both fall within the range of 0◦ to 90◦. This requires further detailed investigation. Specifically, we analyze the
joint feasible range of (α, β) in the following three cases.

5.1 Around z axis

When the beamforming angle ξ is small and around the z-axis, the corresponding left boundary θ− may fall within

the second quadrant. In this case, the relationship cos θ− = cos ξ+ λ
2πdz

arccos( t
2−2
2 ) no longer holds. For example,

when ξ− = 0, for large threshold values t, the result of the above equation may be greater than 1, which cannot
represent the physical boundary between the feasible range and the z-axis. However, we observe that since ξ > 0
and the feasible range exhibits widening in both directions with respect to the beamforming direction specified by
ξ, the right boundary θ+ must be greater than the left boundary θ−. Thus, the planar feasible range defined by
θ+ is guaranteed to include the planar feasible range corresponding to θ−. Considering that we only consider the
cases where α and β are within the range [0,π], the final planar feasible range in this situation is constrained by

the x-axis, y-axis, and
(α2+β2)λ2

(2πd)2
6 sin2 θ+. It forms a quarter-circle within the first quadrant, as shown in region

1 of Figure 7.
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Figure 7 (Color online) Different planar feasible region cases dependent on ξ.

5.2 Medium case

We have already discussed this typical situation in our previous analysis of the planar feasible range for a 3D antenna
array and its comparison with the feasible range of planar arrays, as shown in region 2 of Figure 7. Please note
that in this case, the feasible angular width of the planar beamforming, i.e., θ+ − θ−, is determined by t. Larger
values of t result in narrower feasible angular widths.

5.3 Around xy plane

In contrast to the case discussed in Section 5.1, we will now consider the situation that the beamforming angle ξ
is close to 90◦ and lies around the xy plane (corresponding to a near-zero phase shift γ along the z-axis). In this
scenario, the corresponding right boundary θ+ may fall within the fourth quadrant. Please note that although the

relationship cos θ+ = cos ξ − 1
π
arccos( t

2−2
2 ) still holds, we cannot consider the integration domain in the same way

as in the second-class classical case where we set
(α2+β2)λ2

(2πd)2
6 sin2 θ+ as an upper bound. To determine the range

of the planar feasible region in this case, we further divide it into two scenarios:
(α2+β2)λ2

(2πd)2
6 1 and

(α2+β2)λ2

(2πd)2
> 1.

Firstly, the region satisfying sin2 θ− 6
(α2+β2)λ2

(2πd)2
6 1 is feasible. The underlying physical phenomenon is that

the beamforming direction formed by the (α, β) phase set lies within the first octant of the 3D space. However,
as shown in region 3 of Figure 7, when θ is between 90◦ and θ+, the corresponding physical phenomenon is that
the beamforming direction lies outside the first octant. This indicates that at the 90-degree boundary, there

is still a residual energy attenuation margin. Therefore, some points in the region where
(α2+β2)λ2

(2πd)2
is greater

than 1 are also feasible. The area of this region can be estimated as the plane feasible region corresponding to

sin2 θ+ 6
(α2+β2)λ2

(2πd)2
6 1 based on the symmetry, but its spatial radiation direction cannot be accurately controlled.

Thus it has limited practical application significance.

5.4 Number and boundaries of feasible regions

Based on the above analysis, we can further derive a set of 3D phase settings that cover the entire space for a given
threshold. Specifically, as shown in Figure 7, we divide the 3D space into different regions, each connected end to
end. When we need to radiate energy into the 3D space, we can select the corresponding ξ parameter based on the
elevation angle and the corresponding (α, β) parameters based on the azimuth angle. Since the main new feature
of the 3D array is its ξ parameter, we focus on further research and design for this parameter.

Assuming that under a given attenuation threshold t, we need to cover the entire space with P discrete ξ. Specif-
ically, we determine the first codeword ξ1 by setting θ1− = 0. Subsequently, we determine ξ2, . . . , ξP sequentially
by setting θp−1,+ = θp,− until θP,+ > π

2 . From (38), we have

θp−1,+ = arccos

[

cos ξp−1 −
λ

2πdz
arccos

(

t2 − 2

2

)]

,

θp,− = arccos

[

cos ξp +
λ

2πdz
arccos

(

t2 − 2

2

)]

.

(43)
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By setting θp−1,+ = θp,−, we have cos ξp = cos ξp−1− λ
πdz

arccos( t
2−2
2 ). Moreover, since the first ξ can be determined

by cos ξ1 = cos θ1− − λ
2πdz

arccos( t
2−2
2 ) = 1− λ

2πdz
arccos( t

2−2
2 ), we have

cos ξp = 1− (2p− 1)λ

2πdz
arccos

(

t2 − 2

2

)

. (44)

The final spatial region P can be classified into two scenarios: (1)
{

ξP 6
π

2 , θP,+ >
π

2

}

; (2)
{

θP−1,+ 6
π

2 ; , ξP >
π

2

}

.
And the corresponding ranges for P in the above two scenarios are















2P − 1 6
2πdz

λ arccos
(

t2−2

2

) 6 2P,

2P − 2 6
2πdz

λ arccos
(

t2−2

2

) 6 2P − 1,
(45)

and the total number of feasible regions P can be written as

P =

⌊

2πdz

2λ arccos( t
2−2
2 )

⌋

+ 1. (46)

To summarize, the feasible region analysis connects the spatial radiation directions of 3D arrays with their
excitation settings, delineating the range of phased excitation required to generate desired directional spatial beams.
In practical antenna design and beamforming implementations, we can apply beamforming feasible region analysis
to guide how we are going to set the phase parameters for excitations, i.e., (α, β, γ). This is crucial for practical
antenna design, as it allows engineers to tailor the radiation pattern to specific application requirements, such as
focusing energy in a particular direction for long-distance communication or spreading energy over a wider area for
coverage enhancement.

6 Numerical results

In this section, simulation results are presented to validate our theories and evaluate the performance of the proposed
3D array. The specific configurations are as follows: the communication system is assumed to operate at 1.6 GHz.
The array is composed of identical printed dipole antennas, which are printed on an FR-4 substrate measuring
12.2 mm × 78 mm, and the dimensions of each dipole element are 1 mm × 71.5 mm. The dipole antennas are
arranged along the y-axis at a fixed half-wavelength spacing, but the spacing along the x-axis is variable. For array
simulations with a fixed array aperture area of Lx×Ly, we maintain the antenna spacing at 0.5λ along the y-axis and
set the antenna spacing along the x-axis as Lx

M−1 , where M is the number of antennas along the x-axis. Regarding
the 3D array topology, to comprehensively validate the radiation efficiency and array gain theories proposed in this
paper, we consider the following configurations. For simulations of radiation efficiency, we adopt the double-layer
array topology with vertically aligned radiating element pairs as illustrated in Figure 4. For simulations evaluating
the array gain, to verify that the gain limit is determined solely by the projected area of the array, we consider
two different 3D array structures as depicted in Figure 8, which differ in antenna element arrangements but share
an identical projected area during radiation. All the simulations are modeled and conducted using commercial
electromagnetic full-wave simulation software CST Studio Suite.

Figure 9 shows the 75-degree spatial radiation beams of 2D and 3D arrays with the same aperture size of 2λ× 2λ
(where the y-axis is the broadside direction). It can be observed that the 3D array is able to focus the radiated
energy better than the traditional 2D array when performing large-angle radiation, achieving a narrower spatial
beam and better array performance. The comparison reveals that the array gain derived from the conventional
array is 13.5, whereas our proposed model yields a higher gain of 24.9, resulting in a gain increase of 84%.

Figure 10 displays the average radiation efficiency for 2D and 3D arrays with different inter-layer spacing con-
figurations. It can be observed that Hannan limitation is well applicable for large 2D arrays, which aligns with the
simulation and measurement results reported in [48, 49]. Additionally, the proposed theoretical radiation efficiency
limit for finite-dimensional 2D arrays consistently remains above that of the actual 2D arrays. It also decreases with
increasing array size and ultimately converges to the Hannan limitation. In terms of 3D arrays, due to the inclusion
of a larger number of antenna elements and the corresponding coupling effects, the overall efficiency of 3D arrays
is lower than that of equivalent aperture 2D arrays. Moreover, the proposed 3D Hannan limitation approximation
formula (32) provides a tight efficiency upper bound on radiation for large 3D arrays.



Ji R, et al. Sci China Inf Sci May 2026, Vol. 69, Iss. 5, 152301:17

Figure 8 (Color online) 3D array geometry.

Figure 9 (Color online) Spatial beams for 2D and 3D arrays with identical aperture size.

Figure 11 shows the variation of the hemispace average array gain of 3D arrays as the inter-layer spacing increases.
It can be seen that the antenna arrays exhibit local minimum points in average array gain at spacings of 0.1λ, 0.5λ,
and 1λ. The first point is due to the strong coupling effect and the rest two points reflect the impact of the coherent
energy cancellation effect introduced by the reflection effect between the two-layer planar arrays (due to the π

phase shift introduced by perfect electrical conductor reflection, the array gain decreases for inter-layer spacings
that are multiples of 0.5λ, and the proportion of reflected energy increases). Therefore, internal electromagnetic
effects should be considered for the optimal geometric configuration of 3D arrays, with the spacing between layers
set as odd multiples of 0.25λ.
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Figure 10 (Color online) Radiation efficiency for 2D/3D arrays

with 0.5λ spacing.

Figure 11 (Color online) Average array gains of 3D array over half-

space with different inter-layer spacings.

Figure 12 (Color online) Average array gains of the 3D array (Fig-

ure 8(a) geometry) over half-space with fixed aperture area.

Figure 13 (Color online) Average array gains of the 3D array (Fig-

ure 8(b) geometry) over half-space with fixed aperture area.

Figure 12 shows the average array gain for different numbers of antennas with a fixed aperture area of 2λ×2λ. It
is observed that the 3D array exhibits a more pronounced performance gain compared to the 2D array. Additionally,
when the array antenna arrangement becomes overly dense, the array gain decreases as EM mutual coupling effects
become increasingly evident, resulting in a lower radiation efficiency. Therefore, for the two-layer 3D array considered
in this paper, there also exists an optimal choice for the horizontal spacing between antenna elements. This optimal
configuration typically occurs when the spacing between elements in each layer of the 3D array is close to 0.5λ,
resulting in a top view element spacing of 0.25λ: this sub-wavelength densification approach enhances performance.

Figure 13 shows the average array gain in the hemispace for the 3D antenna array structure presented in Figure
8(b) while maintaining 2λ× 2λ aperture area. Compared to Figure 12, it can be seen that approximately the same
maximum achievable gain is realized with different 3D array arrangements. This is because the projection area of
these two structures is the same. However, due to the larger spacing between antennas in the arrangement shown
in Figure 8(b), the maximum gain can be achieved with fewer antenna elements.

In conclusion, the above simulation results demonstrate our corresponding theoretical derivations. However, there
will be some non-ideal hardware impairments in practice, such as antenna displacements and spatial correlation
effects. For example, a 5% spatial displacement of antenna elements may cause the performance to degrade by about
6%. We will further investigate these non-ideal factors in future research and develop corresponding mitigation
strategies.

Figure 14 shows the spatial radiation characteristics of a 3D array with an interlayer spacing of 0.5λ. Specifically,
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Figure 14 (Color online) Feasible region for a two-layer 3D array structure.

Figure 15 (Color online) Verification of feasible region analyses for a two-layer 3D array structure.

Figure 14(a) illustrates the normalized main beam intensity in space under different (α, β, γ) settings. From the
figure, it is evident that for any given γ value, the region with higher spatial radiation energy corresponds to an
annular region in the (α, β) plane. This is consistent with our previous feasible region theories of the 3D array
radiation characteristics. Additionally, Figures 14(b) and (c) show the (α, β) plane for γ = π and γ = 0 settings,
respectively. These figures demonstrate that the feasible region of the 3D array varies with different γ settings,
which need to be considered in practical applications.

Figure 15 presents the simulation results of the feasible region analysis for the 3D antenna array. Figure 15(a)
shows the upper and lower bounds of the feasible region annulus for a fixed beamforming direction of cos ξ = 1

4
under different energy attenuation thresholds. It can be observed that in the region with higher energy attenuation
thresholds, the radius of the feasible region boundary is approximately linear with the energy attenuation threshold.
Figure 15(b) displays the relationship between the feasible region volume and the energy attenuation threshold,
where it can be seen that the theoretically calculated feasible region volume in (42) matches the simulated feasible
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region volume shown in Figure 14(a), verifying the correctness of the feasible region analysis theory.

7 Conclusion

In this paper, we extend the Hannan limitation theory on the radiation efficiency of infinite 2D planar arrays
to finite-dimensional 2D arrays by leveraging the symmetry of the DFT and the relationship between reflection
coefficients and mutual coupling coefficients. Furthermore, we investigate the efficiency and gain limits of a two-
layer 3D array structure to obtain the achievable spatial array gain without increasing the planar aperture size.
Specifically, results for both infinite and finite array cases are provided. Additionally, the spatial radiation and
energy distribution characteristics of the considered two-layer 3D array structure are also investigated, presenting
the feasible region of planar phase settings under a given energy attenuation threshold. Through simulations, we
demonstrate the validity of our proposed theories for both efficiency and gain limits. Additionally, we verify the
efficiency of our proposed 3D array structure for better spatial coverage and the theoretical analysis of the spatial
radiation characteristics of the 3D antenna array.
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