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Abstract—The Hong–Ou–Mandel (HOM) effect is a hallmark
of nonclassical two-photon interference. This article develops a
unified theory–numerics framework to compute angle-resolved
far-field two-photon correlations from arbitrary lossless dielectric
scatterers. We describe the input–output relation using a multi-
channel scattering formulation that maps two populated incident
channels to two selected far-field detection modes, yielding
a compact two-channel transfer relation for the second-order
correlation function and time-domain coincidence counts. The
required transfer coefficients are extracted from classical far-field
complex amplitudes computed by a fast Fourier transform (FFT)-
accelerated volume integral equation (VIE) solver, avoiding
perfectly matched layers (PMLs) and near-to-far-field postpro-
cessing. The method is validated against analytical results for
dielectric spheres and demonstrated on a polarization-converting
Pancharatnam–Berry-phase (PBP) metasurface, revealing strong
angular dependence of quantum interference and its direct
impact on HOM-dip visibility. The framework provides an
efficient and physically transparent tool for structure-dependent
quantum-correlation analysis, with potential applications in
scatterers-enabled quantum state engineering and quantum
inverse design.

Index Terms—Coincidence counts, far-field scattering,
Hong–Ou–Mandel (HOM) effect, second-order correlation
function, two-photon interference, volume integral equation
(VIE).

I. INTRODUCTION

OVER the past few years, quantum information [1],
[2], quantum computing [3], and quantum optics [4]

have advanced rapidly, motivating accurate theoretical models
and scalable numerical solvers for quantum electromagnetic
systems. Within macroscopic quantum electrodynamics (QED)
[5], [6], a wide range of effects including spontaneous emis-
sion in dielectrics [7], [8], [9], [10], Casimir forces [11],
artificial atoms [12], few-photon interference in passive loss-
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less devices [13], and quantum–optical metamaterials [14] can
be treated in a unified field-quantization framework.

A central theme in these platforms is scattering-induced
quantum interference, which enables controlled manipulation
of photon statistics and correlations [15]. For single-photon
excitation, the detected intensity pattern follows the cor-
responding classical wave solution for the same input
mode. In contrast, under multiphoton excitation, interfer-
ence between Fock-state probability amplitudes [16], [17],
[18] yields genuinely nonclassical correlations that do not
admit a classical description [19]. A canonical example is
the Hong–Ou–Mandel (HOM) effect [20], [21]: two indis-
tinguishable photons impinging on a balanced beam splitter
exhibit suppressed coincidences due to destructive two-photon
interference.

To predict such nonclassical scattering phenomena, both
analytical quantization schemes and numerical solvers have
been explored. Separation-of-variables quantization has been
developed for spherically layered systems and parabolic
mirrors [22], [23], and far-field correlation functions of
canonical dielectric objects can be derived analytically in
special geometries [24]. More generally, Green’s-function-
based macroscopic QED provides a versatile route for treating
structured and inhomogeneous environments [25], [26], [27].

For arbitrary inhomogeneous and lossless dielectric systems,
a common computational route is to expand the quantized
field operators on a set of numerical (or quasinormal) modes
and to promote the classical modal amplitudes to operators
by associating them with creation and annihilation operators
[4], [28], [29], [30]. For example, characteristic-mode theory
[31], [32], [33], [34], [35], [36] has been used to analyze
scattering-induced entanglement for perfectly conducting bod-
ies [15]. Differential-equation-based solvers [37], [38], [39]
have also been employed to compute normal modes and
study few-photon interference [5], [40], [41]. However, for
large-scale far-field scattering problems, these methods may
suffer from numerical dispersion and the need for artificial
boundary truncation, which can complicate phase-accurate far-
field correlation predictions.

Integral-equation formulations offer an attractive alterna-
tive because they leverage analytical Green’s functions that
satisfy radiation conditions and thus preserve phase propaga-
tion exactly. Recent advances by Forestiere and Miano [42],
Forestiere et al. [43], and Miano et al. [44] established rigor-
ous integral formulations for macroscopic QED in dispersive
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dielectric objects. In the lossless setting considered here, radi-
ated observables admit an efficient representation in terms of
propagating outgoing channels (e.g., spherical-wave modes),
while evanescent components remain confined to the near
field and carry no net radiated power. This viewpoint moti-
vates a direct connection between classical far-field scattering
amplitudes and quantum photodetection correlations. Building
on the framework in [45], normally ordered photodetection
correlation functions can be expressed through classical field
quantities, enabling angle-dependent two-photon interference
(including HOM-type features) to be evaluated from the far-
field responses to independently incident single-photon beams.

In this article, we study the far-field interference produced
when two independent single photons illuminate an arbi-
trary lossless dielectric object and are correlation-detected
at two observation angles. The objective is to compute the
second-order normalized correlation function g(2) in both
the frequency and time domains by integrating macroscopic
quantum theory with a scalable computational electromagnet-
ics (CEM) solver. Specifically, we adopt a volume integral
equation (VIE) formulation in which analytical dyadic Green’s
functions enforce the radiation condition at infinity and avoid
numerical dispersion.

For each incident channel, the VIE solver computes
the induced polarization currents, from which the far-
field response is evaluated directly. This eliminates the
need for perfectly matched layers (PMLs) or near-to-far-
field postprocessing typically required by differential-equation
solvers. Moreover, fast Fourier transform (FFT)-accelerated
matrix–vector multiplication (MVM) and block precondition-
ing enable large-scale simulations of dielectric nanostructures
with practical computational cost [46].

The main contributions are summarized as follows.
1) We develop a unified VIE–dyadic-Green’s-function

framework that links classical far-field scattering ampli-
tudes to quantum second-order correlation functions for
two-photon interference.

2) The proposed approach avoids heavy normal-mode
expansions and mitigates convergence and boundary-
related issues commonly encountered in quantum FDTD
or mode-based methods, improving efficiency and
numerical robustness for large-scale far-field problems.

3) We connect frequency-domain g(2) maps to time-domain
coincidence curves Ñc(δτ), enabling direct prediction
of experimentally observable HOM-type interference
signatures.

The remainder of this article is organized as follows. Sec-
tion II reviews the quantum-field formalism and derives g(2) in
the frequency domain as well as the normalized coincidence
function in the time domain. Section III presents two numerical
examples: a dielectric sphere and a polarization-converting
metasurface. Section IV concludes this article and discusses
future directions.

II. THEORY

In the classical world, observable physical quantities such as
position or velocity are deterministic. However, due to intrinsic

quantum fluctuations, the state of a photon in the microscopic
regime must be described by a quantum state vector. For
a (nonentangled) single photon prepared as a wavepacket
[47], the corresponding state can be expressed as a coherent
superposition of single-photon Fock states

|Ψ〉 =

NX
n=1

φn|1〉n =

NX
n=1

φnâ†n|0〉,
NX

n=1

|φn|
2 = 1 (1)

where φn denotes the probability amplitude of mode n, incor-
porating the spectral (and, if needed, directional/polarization)
profile of the wavepacket; â†n is the creation operator; and
|0〉 denotes the vacuum state. The discrete summation over
N modes represents a discretization of the wavepacket over
an orthonormal set of free-space modes (channels).

If two photons are independent (nonentangled), a convenient
two-photon input state can be written as

|Ψ〉12 =

 
NX

n=1

φ1nâ†n

!  
NX

m=1

φ2mâ†m

!
|0〉 (2)X

n

|φ1n|
2 =

X
m

|φ2m|
2 = 1 (3)

where φ1n and φ2m describe the two single-photon wavepack-
ets.

Similarly, the classical field quantities in Maxwell’s equa-
tions are elevated to field operators in the quantum formalism.
The electric-field operator is conventionally decomposed into
the positive- and negative-frequency components

Ê (r, t) = Ê(+) (r, t) + Ê(−) (r, t) . (4)

These components can be expanded over an orthonormal set
of free-space modes (channels) as

Ê(+) (r, t) =
X

n

C
√
ωnEn (r) ân (t)

=
X

n

C
√
ωnEn (r) e−iωntân (5)

Ê(−) (r, t) =
X

n

C
√
ωnE∗n (r) â†n (t)

=
X

n

C
√
ωnE∗n (r) eiωntâ†n (6)

where ωn is the mode frequency, En(r) is the corresponding
(normalized) mode profile, and C is a normalization constant
fixed by the chosen quantization convention. ân and â†n are the
annihilation and creation operators, respectively.

To explore the quantum characteristics of electromagnetic
fields, we consider the probability of joint photodetection,
which is mathematically modeled by correlation functions. The
photodetection scheme with two detectors located at r1 and r2
is illustrated in Fig. 1.

The first-order correlation function, proportional to the
single-photon detection probability at position r1 with polar-
ization ea, is defined as

G(1)
a (r1, t) = 〈Ψ|Ê(−)

a (r1, t) Ê(+)
a (r1, t) |Ψ〉 (7)

where Ê(−)
a (r1, t) = Ê(−)(r1, t) · ea = [Ê(+)

a (r1, t)]† is the
projection of the negative-frequency field operator onto the
polarization vector.
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Fig. 1. Schematic of the photon detection setup, where two detectors are
placed at positions r1 and r2, with polarization detection directions ea and
eb, respectively.

The second-order correlation function, corresponding to
fourth-order field interference, yields the joint probability to
detect one photon at r1 with polarization ea and another photon
at r2 with polarization eb

G(2)
ab (r1, r2, t) = 〈Ψ|Ê−a (r1, t) Ê−b (r2, t)

× Ê+
b (r2, t) Ê+

a (r1, t) |Ψ〉. (8)

To assess the degree of quantum coherence, the normalized
second-order correlation function [48], [49] is introduced

g(2)
ab (r1, r2, t) =

G(2)
ab (r1, r2, t)

G(1)
a (r1, t) G(1)

b (r2, t)
. (9)

A. Correlation Function in the Frequency Domain

For a linear, time-invariant, and lossless dielectric scatterer,
the input–output relation of the quantized field can be formu-
lated as a unitary mapping between complete orthonormal sets
of asymptotic modes (channels). We start from a plane-wave
basis (including polarization) for the incident field, with anni-
hilation operators {âα} satisfying the canonical commutation
relations [âα, â

†

β] = δαβ. For far-field analysis, it is convenient
to express the same free-space field in an incoming spherical-
wave basis {b̂(in)

µ }. These two complete bases are related by a
frequency-dependent unitary transformation

b̂(in)
µ =

X
α

Uµα âα, U†U = I (10)

which preserves commutation relations.
The scatterer maps incoming channels into outgoing chan-

nels through the scattering matrix

b̂(out)
ν =

X
µ

S νµ b̂(in)
µ . (11)

For a lossless object, the full multichannel matrix S is unitary
(S †S = I), ensuring preservation of the bosonic commutators
for the output operators {b̂(out)

ν }.
In this work, only two independent single-photon wavepack-

ets are injected into two selected input channels (denoted as 1
and 2), while all other input channels are in the vacuum state.
Because the photodetection correlations considered here are
normally ordered, vacuum input channels contribute zero to
the relevant expectation values and can therefore be omitted
when evaluating G(1) and G(2).

Under a narrowband approximation (the system response
varies negligibly over the photon bandwidth around ω0),1 the
detected positive-frequency field operators at the two detectors
can be written as linear combinations of the two excited input
operators, with the corresponding transfer coefficients treated
as approximately frequency-independent over that bandwidth

Ê(+)
a (r1, t) =

2X
j=1

Ta j e−iω0t âj (12)

Ê(+)
b (r2, t) =

2X
j=1

Tb j e−iω0t âj (13)

where Ta j and Tb j are complex transfer coefficients that incor-
porate the scatterer response, propagation, and polarization
projection. These coefficients are extracted from the full-wave
(VIE-FFT) solution of the corresponding classical scattering
problem. Note that the 2 × 2 matrix formed by {Ta j,Tb j} is a
projection of the full multichannel mapping onto two selected
detection modes and is therefore not generally unitary, because
power may scatter into unobserved output channels; unitarity
holds only for the full multichannel S -matrix.

Equivalently, keeping explicit mode functions as in (5)–(6),
one may write

Ê+
a (r1, t) = C

√
ωk1 Eak1 (r1) e−iωk1 t â1

+ C
√
ωk2 Eak2 (r1) e−iωk2 t â2 (14)

Ê+
b (r2, t) = C

√
ωk1 Ebk1 (r2) e−iωk1 t â1

+ C
√
ωk2 Ebk2 (r2) e−iωk2 t â2. (15)

The negative-frequency components are followed by Hermi-
tian conjugation.

To incorporate a finite numerical aperture (NA), we define
an aperture-collected field operator

Ê(+)
a,NA (t) =

Z
NA

Wa (k) Ê(+) (k, t) d2k (16)

and similarly for Ê(+)
b,NA(t), where W(k) is the angu-

lar sensitivity function of the detector. The experimen-
tally relevant quantities are then G(1)

a,NA = 〈Ê(−)
a,NAÊ(+)

a,NA〉,
G(2)

ab,NA = 〈Ê(−)
a,NAÊ(−)

b,NAÊ(+)
b,NAÊ(+)

a,NA〉, followed by g(2)
ab,NA =

G(2)
ab,NA/(G

(1)
a,NAG(1)

b,NA). Note that in our numerical imple-
mentation, under the narrowband approximation, the spatial
integration over the NA is not explicitly performed. Instead,
by approximating the collected signal through contributions
from specific discrete modes at the center of the detection
angles, the substitution of [(12) and (13)] into (9) yeilds

g(2)
ab

=

P
m,n,p,q∈{1,2}T

∗
amT ∗bnTbpTaq

˝
Ψ
ˇ̌
â†mâ†nâpâq

ˇ̌
Ψ
˛P

m,q∈{1,2}T ∗amTaq〈Ψ|â
†
mâq|Ψ〉

P
n,p∈{1,2}T

∗
bnTbp〈Ψ|â

†
nâp|Ψ〉

.

(17)

For the two-single-photon Fock input |11, 12〉 = â†1â†2|0〉, the
fourth-order expectation 〈â†mâ†nâpâq〉 vanishes whenever any

1Regarding the source characteristics, the incident single-photon
wavepacket generated by high-performance quantum emitters is assumed,
such as the wavelength-tunable semiconductor quantum dots recently
demonstrated in [50].
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annihilation operator attempts to remove two photons from
the same occupied mode (since n1 = n2 = 1). Therefore, only
terms that annihilate one photon from each occupied mode
survive, resulting in the direct and exchange two-photon paths
and their interference. If ωk1 , ωk2 , the cross terms acquire
a beating phase e−i(ωk1−ωk2 )t and vanish under experimental
time averaging unless the two wavepackets are sufficiently
overlapped in frequency (i.e., effectively indistinguishable). In
the degenerate (or effectively narrowband) case ωk1 ≈ ωk2 , this
explicit time dependence cancels in g(2).

In the degenerate/narrowband case and using (14)–(15), the
normalized correlation reduces to a compact far-field form

g(2)
ab (r1, r2)

=
ωk1ωk2 |Eak1 (r1) Ebk2 (r2) + Eak2 (r1) Ebk1 (r2) |2�P

l=1,2 ωkl |Eakl (r1) |2
� �P

l=1,2 ωkl |Ebkl (r2) |2
� . (18)

The numerator contains the classical-like contributions from
the direct and exchange paths and, crucially, the cross terms
that arise from quantum indistinguishability. When the two
photons are perfectly indistinguishable, these cross terms yield
maximum two-photon interference (e.g., the HOM suppres-
sion of coincidences); when they are fully distinguishable,
the cross terms vanish, and the coincidence reduces to an
incoherent sum of independent intensities. Ultimately, for the
two-single-photon Fock input considered here and the above
normalization, the resulting g(2) is bounded between 0 and
1, reflecting the antibunching associated with single-photon
excitation [51], [52]. In contrast, incoherent classical emitters
can exhibit autocorrelation values exceeding unity under the
conditions r1 = r2 and ea = eb [53].

B. Normalized Coincidence Number Function in the Time
Domain

To model experimentally observed coincidence measure-
ments in the time domain, we derive the expected coincidence
number Nc as a function of an externally controlled optical
path delay δτ, following the standard treatment in [20]. The
delay δτ represents a controllable input delay, effectively
shifting the arrival time of one wavepacket relative to the other.

1) Beam-Splitter Reference Formulation: We first recall
the phase-asymmetric beam-splitter model. Let Ê(+)

01 (t) and
Ê(+)

02 (t) denote the incident positive-frequency field operators
associated with the two input channels. An adjustable delay δτ
is applied to the second input wavepacket. The output fields
at the two detectors are then written as linear combinations of
the delayed inputs

Ê(+)
a (r1, t) =

√
T Ê(+)

01 (t) + i
√

R Ê(+)
02 (t + δτ) (19)

Ê(+)
b (r2, t + τ) =

√
T Ê(+)

02 (t + τ) + i
√

R Ê(+)
01 (t + τ − δτ)

(20)

where τ ≡ tb − ta is the detection-time difference between the
two detectors. Note that δτ is a controlled input delay applied
to one wavepacket, whereas τ is the random detection time
difference over which coincidence events are accumulated.

The second-order correlation function G(2)
ab (τ; δτ) is obtained

from (8) by substituting the field operators above. For two

independent single-photon wavepackets with spectral ampli-
tude functions φ1(ω) and φ2(ω), the key quantity governing
two-photon interference is the wavepacket overlap function

h (τ) =

Z ∞
−∞

dω φ∗1 (ω) φ2 (ω) e−iωτ. (21)

For identical Gaussian spectra centered at ω0 with rms band-
width 1/σ, one obtains (up to an irrelevant global phase)

h (τ) = exp
�
−
τ2

2σ2

�
e−iω0τ (22)

and consequently |h(τ)|2 = exp(−τ2/σ2).
With this definition, the beam-splitter correlation function

takes the standard HOM form

G(2)
ab (τ; δτ) = K

�
T 2|h (τ) |2 + R2|h (2δτ − τ) |2

−RT h∗ (τ) h (2δτ − τ)

−RT h (τ) h∗ (2δτ − τ)
�

(23)

where K is a positive constant determined by the overall
normalization and detector response. In typical coincidence
experiments, the integration window is much longer than the
coherence time, so that the expected coincidence number is

Nc (δτ) =

Z ∞
−∞

G(2)
ab (τ; δτ) dτ. (24)

2) Extension to an Arbitrary Lossless Scattering Environ-
ment: We now generalize the above beam-splitter model to an
arbitrary (lossless) scattering environment computed by the
full-wave solver. The environment determines how the two
incident wavepackets are mapped into far-field observation
directions and polarizations at r1 and r2. In the narrowband
regime, the detector-projected far-field amplitudes at ω0 play
the role of complex transfer coefficients. Specifically, the two
indistinguishable two-photon detection paths are associated
with the complex amplitudes

Adir = Eak1 (r1) Ebk2 (r2) , Aex = Eak2 (r1) Ebk1 (r2) (25)

evaluated at ωk1 = ωk2 = ω0, while the temporal/spectral
profile of the wavepackets is retained through h(·). This
operator-level mapping from input channels to far-field detec-
tion modes follows from the Heisenberg evolution in linear
media and can be formulated via Green’s-function quantiza-
tion in inhomogeneous environments [54], [55], [56].

Under this framework, the time-resolved correlation func-
tion can be written as

G(2)
ab (τ; δτ) = K

�
|Adir|

2 |h (τ) |2 + |Aex|
2 |h (2δτ − τ) |2

+ AdirA∗ex h (τ) h∗ (2δτ − τ)

+ A∗dirAex h∗ (τ) h (2δτ − τ)
�
. (26)

The above equation reduces to (23) for an ideal beam splitter
when Adir = T and Aex = −R.

3) Normalized Coincidence Number: Experimentally, one
is typically interested in the coincidence number integrated
over τ. Using (24) and (26), we define the normalized coinci-
dence number Ñc(δτ) such that Ñc(δτ)→ 1 as |δτ| → ∞

Ñc (δτ) =
Nc (δτ)

Dc
(27)
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where the normalization factor Dc is chosen as the integral
of the product of two terms (i.e., the large-delay limit of the
coincidence rate)

Dc =

Z ∞
−∞

G(1)
a (τ; δτ) G(1)

b (τ; δτ) dτ (28)

so that Ñc(δτ) is dimensionless and asymptotically approaches
unity.

Carrying out the τ-integration in (26) yields a compact
decomposition

Ñc (δτ) =
N1 (δτ) + N2 (δτ) + N3 (δτ) + N4 (δτ)

Dc
(29)

with

N1 (δτ) = |Adir|
2
Z ∞
−∞

|h (τ) |2 dτ (30)

N2 (δτ) = |Aex|
2
Z ∞
−∞

|h (2δτ − τ) |2 dτ (31)

N3 (δτ) = AdirA∗ex

Z ∞
−∞

h (τ) h∗ (2δτ − τ) dτ (32)

N4 (δτ) = A∗dirAex

Z ∞
−∞

h∗ (τ) h (2δτ − τ) dτ. (33)

Moreover, for identical Gaussian spectra (22), one obtains the
standard HOM envelopeZ ∞

−∞

h (τ) h∗ (2δτ − τ) dτ ∝ exp
�
−
δτ2

σ2

�
(34)

so that the dip width is governed by the coherence time,
represented by the Gaussian width parameter σ. It should be
explicitly clarified that σ is an assumed constant, independent
of the monochromatic frequency-domain scattering results.
This parameter is employed solely to enable the transition
from monochromatic data to a temporal profile; thus, the
resulting coincidence curves do not represent a full broadband
frequency-domain simulation, but rather a theoretical visual-
ization based on the assumed temporal envelope.

The temporal envelope of the excitation pulses thus
defines the coherence time of the generated photons and
determines the characteristic width of the interference curve.
In this work, we emphasize the comparative behavior of Ñc(δτ)
across different scattering environments; the absolute temporal
scale can be mapped to a specific experimental implementation
through the pulse bandwidth and detector timing response.
Accordingly, σ is assigned as a dimensionless value consistent
with this normalized temporal scale.

C. Numerical Method

To obtain the far-field complex amplitudes at the detection
directions for a given frequency, we employ a VIE solver
accelerated by FFT in this work. Following the electromag-
netic equivalence principle, the dielectric scatterer occupying
a volume V is embedded in a homogeneous background (vac-
uum), and the scattering effect is represented by an induced
volumetric polarization current inside V . In the frequency
domain (e−iωt convention), the polarization current is defined
as

Js (r) = −iω [ε (r) − ε0] Etot (r) , r ∈ V (35)

where ε(r) is the (possibly piecewise-constant) permittivity
distribution and Etot is the total electric field. The scattered
field produced by Js is expressed via the free-space dyadic
Green’s function

←→
G as

Esca (r) = iωµ0

Z
V

←→
G
�
r, r′

�
· Js �r′� dv′ (36)

and the total field satisfies Etot = Einc +Esca. Substituting (35)
and (36) yields a VIE in terms of the unknown current Js

−
Js (r)

iω (ε (r) − ε0)
− iωµ0

Z
V

←→
G
�
r, r′

�
· Js �r′� dv′ = Einc (r) , r ∈ V (37)

where the free-space dyadic Green’s function is

←→
G
�
r, r′

�
=

�
←→
I +

1
k2

0
∇∇

�
eik0 |r−r′ |

4π|r − r′|
(38)

with k0 = ω
√
µ0ε0 and ε0 and µ0 are the permittivity and

permeability of free space, respectively.
We discretize (37) using the method of moments (MoM)

[57]. The unknown volumetric current is expanded on a
uniform hexahedral grid using rooftop (piecewise linear) basis
functions oriented along the three Cartesian directions

Js (r) =
X

i∈{x,y,z}

p̂i

N1X
k=1

N2X
m=1

N3X
n=1

Ji (k,m, n) T (i)
kmn (r) (39)

where p̂i denotes the unit vector along direction i, Ji(k,m, n)
are the expansion coefficients, and T (i)

kmn are the volumetric
rooftop basis functions. Pulse (piecewise-constant) testing
functions are used in a Galerkin-like collocation manner.
The rooftop expansion is advantageous because it enforces
appropriate intercell continuity (notably the normal flux conti-
nuity across shared faces), improving numerical stability and
accuracy for volumetric formulations.

For an arbitrary geometry, a structured (uniform) voxeliza-
tion leads to a discrete convolution structure between the
current unknowns and the Green’s function kernel. Conse-
quently, MVMs can be accelerated by the FFT, reducing the
computational cost from O(N2) to approximately O(N log N)
for large-scale problems. The resulting linear system can be
efficiently solved using the bi-conjugate gradient stabilized
(BiCGStab) iterative method [58]. For large-scale scatterers,
additional efficiency gains can be achieved via block precon-
ditioners and parallel computing [46].

Once the polarization current is obtained, the far-field
scattered electric field can be evaluated using the radiation-
zone asymptotic form of the dyadic Green’s function. The
scattered far-field amplitude in the observation direction r̂ can
be written as

Esca
∞ (r̂) = C∞

Z
V

�
r̂×

�
Js �r′�× r̂

��
e−ik0 r̂·r′ dr′ (40)

where C∞ is a frequency-dependent proportionality constant
determined by the chosen far-field normalization and r̂ denotes
the unit vector in the observation direction. The detector-
projected complex amplitudes used in the correlation analysis
are then obtained as

Eak (r1) = ea · Etot
∞ (r̂1;ωk) , Ebk (r2) = eb · Etot

∞ (r̂2;ωk) (41)
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where Etot
∞ = Einc

∞ + Esca
∞ and r̂1,2 correspond to the two

detection angles.
Finally, the geometric features of different structures lead

to distinct spatial distributions of Js, which directly dictate
the angular dependence of the far-field amplitudes (40) and
thereby control the interference behavior in the two-photon
correlation functions reported in this work.

III. RESULTS

Following the theoretical derivations, the normalized two-
photon correlation observables are fully determined by the
complex far-field amplitudes at the detection directions. In
the regime considered here, each incident single-photon
wavepacket occupies a well-defined input spatial mode (chan-
nel) with a narrowband spectral envelope. For normally
ordered photodetection correlations, the dependence on the
quantum state enters only through the occupied input-mode
operators, while the scattering from input channels to far-
field detection modes is strictly linear. Therefore, the required
transfer coefficients can be extracted from classical frequency-
domain scattering simulations: for each excited input channel
(incident direction and polarization), we compute the cor-
responding complex far-field at the detector directions, and
then evaluate g(2) and Ñc using the closed-form expressions in
Section II.

In this section, two representative scenarios are investigated:
1) two-photon scattering from a dielectric sphere, which
exhibits angle-dependent HOM-type suppression of coinci-
dences and 2) the generation of spatial–polarization entangle-
ment mediated by a space-variant Pancharatnam–Berry phase
(PBP) metasurface. In both cases, the structure acts as a
distributed 3-D beam splitter: the effective “path amplitudes”
are encoded in the continuous angular dependence of the far-
field response rather than in discrete optical paths. Specifically,
σ = 1.2 is adopted to facilitate the temporal visualization
of the HOM dip. This choice ensures a clear representation
of the coincidence features within the chosen time window,
independent of the frequency-domain scattering calculations.

A. Dielectric Sphere

To study the joint detection probability, we consider two
independent single-photon wavepackets injected into two
orthogonal input channels: one is a y-polarized plane wave
propagating along the x-direction (k1 = kex), and the other is
an x-polarized plane wave propagating along the y-direction
(k2 = key). The detectors are placed in the far-field at
directions (θ1, φ1) and (θ2, φ2), respectively.

To suppress the dominant co-polarized incident contribution
in the detected signal and to isolate the scattered-field-induced
correlations, we detect only the z-polarized component (i.e.,
a = b = z), following [24]. In the narrowband (degenerate)
regime ωk1 ≈ ωk2 = ω0, (18) reduces to

g(2)
zz (r1, r2)

=
ωk1ωk2 |Ezk1 (r1) Ezk2 (r2) + Ezk2 (r1) Ezk1 (r2) |2P

l=1,2 ωkl |Ezkl (r1) |2
P

l=1,2 ωkl |Ezkl (r2) |2
. (42)

Fig. 2. (a) Schematic illustrating the two-photon state and the positions of
detectors with respect to the dielectric sphere. (b) Normalized second-order
correlation function g(2)

zz (φ1, φ2) for the sphere at r = 60 nm as a function of
the azimuthal positions of the two detectors fixed at θ1 = 45◦, θ2 = 135◦.
(c) Normalized second-order correlation function g(2)

zz (φ1, φ2 = 135◦) for
spheres with different radii r = 60, 110, and 123 nm.

Here, Ezkj (r) denotes the detector-projected far-field complex
amplitude at the observation direction corresponding to detec-
tor location r, generated by the jth incident channel. Equation
(42) explicitly shows that g(2)

zz is governed by the interfer-
ence between the direct and exchange two-photon amplitudes,
which vary continuously with observation angles.

1) Validation Against Analytical Reference: We validate the
numerical method by comparing with the analytical results for
an electrically small dielectric sphere reported in [24]. The
sphere has relative permittivity εr = 2.1 at 750 THz. The two
polar angles are fixed at θ1 = 45◦ and θ2 = 135◦, and the
geometry and detector configuration are shown in Fig. 2(a).
Using the VIE solution, the z-component of the far-field is
computed via (40), and then g(2)

zz is evaluated by (42).
The red dashed curves in Fig. 2(c) show g(2)

zz (φ1, φ2) for
φ2 = 135◦ as a function of φ1 ∈ [0◦, 90◦], corresponding
to the detection arc highlighted in Fig. 2(b). For radii r =

60, 110, and 123 nm, the numerical results (red) agree well
with the reference solution (blue), with relative `2 errors of
2.81%, 2.73%, and 1.59%, confirming the accuracy of the
implementation.

Spheres of different radii induce substantial variations in the
angular dependence of g(2)

zz . The inset of Fig. 2(b) shows the
full angular map over (φ1, φ2) for r = 60 nm. The blue diag-
onal stripes correspond to HOM-type destructive interference,
that is, suppression of coincidences due to two-photon path
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Fig. 3. Angular maps of normalized fourth-order field correlations. (a) Clas-
sical intensity-product correlation P(2)

zz (normalized). (b) Quantum normalized
second-order correlation g(2)

zz .

indistinguishability. The wide-angle persistence of the dip is
attributed to the spherical symmetry and the dominance of a
small number of scattering multipoles in the electrically small
regime, which makes the relative complex amplitudes in (42)
vary smoothly with angle and hence preserves the destructive-
interference condition over extended angular regions. At the
two detector positions marked by the purple symbols, one of
the two path amplitudes vanishes because the corresponding
far-field component is identically zero for one incident chan-
nel; this yields g(2)

zz = 0 for a trivial single-path reason rather
than genuine two-photon interference, as further clarified by
the time-domain coincidence curves below.

2) Classical Fourth-Order Field Correlation for Compari-
son: For deterministic classical fields, a natural fourth-order
field correlation is simply the product of intensities

P(2)
zz (r1, r2) , Iz (r1) Iz (r2) = |Ez (r1) |2|Ez (r2) |2 (43)

where Ez(r) = Ezk1 (r) + Ezk2 (r) is the coherent superposi-
tion of the two classical scattering responses. This classical
quantity can be normalized (e.g., by its maximum over the
scanned angles) and compared against the quantum g(2)

zz map.
Fig. 3 contrasts the normalized classical fourth-order field
correlation map with the quantum g(2)

zz map. The classical
map is dominated by standard two-field interference fringes
determined by second-order intensity coherence. In contrast,
the quantum observable g(2)

zz encodes two-photon interference
between direct and exchange amplitudes, leading to HOM-
type suppression regions that have no direct classical analog
under identical normalization.

3) Time-Domain Coincidence Curves: We further compute
the normalized coincidence counts Ñc(δτ) as a function of the
controlled input delay δτ using (27)–(33). Based on the angular
map in Fig. 2(b), four representative angular configurations are
selected [Fig. 4(a)] with substantially different values of g(2)

zz .
Substituting the far-field complex amplitudes at these angles
into the time-domain formulation yields the curves in Fig. 4(b).

The overall dip envelope is determined by the input
wavepacket bandwidth (coherence time), while the dip visibil-
ity is governed by the spatially dependent two-path amplitudes
in (42) (or equivalently, by Adir and Aex). In particular,
configurations with strong destructive interference in the
frequency-domain observable exhibit deep HOM dips at δτ =

0 (red curve). When the two-photon interference is weak or

Fig. 4. (a) Four representative detection configurations on the angular map.
(b) Normalized coincidence counts Ñc versus the controlled input delay δτ
for these configurations. The Gaussian width parameter used for the temporal
profile is σ = 1.2.

absent (e.g., g(2) ≈ 1), the coincidence curve remains close to
unity for all delays (blue curve). Importantly, the purple curve
corresponds to a configuration where g(2)

zz = 0 due to the van-
ishing of one path amplitude (a single-photon contribution at
the detector) rather than two-photon interference; accordingly,
Ñc(δτ) stays suppressed for all δτ, distinguishing it from a
genuine HOM dip whose suppression is localized near δτ = 0.

B. Dielectric Metasurfaces

Metasurfaces enable subwavelength control of amplitude,
phase, polarization, and dispersion, with applications in flat
optics [59], [60], holography [61], beam shaping, and polar-
ization control. Recently, such capabilities have also been
leveraged for manipulating quantum states of light [62],
[63], [64].

Here we consider a polarization-converting metasurface
based on a space-variant PBP profile, designed to deflect
an incident plane wave into output directions at ±10◦. For
horizontally (|H〉) and vertically (|V〉) polarized inputs, the
output polarization basis of interest is the left- and right-
handed circular basis (|L〉, |R〉). At the operator level, it
is convenient to express the corresponding mode creation
operators via the circular-basis transformation

â†L =
1
√

2

�
â†H + i â†V

�
, â†R =

1
√

2

�
â†H − i â†V

�
(44)

where the (spatial-mode) subscripts will be specified below.
The initial two-photon state is defined in a composite

Hilbert space H = Ha ⊗ Hb, where a and b denote two
orthogonal spatial input modes illuminating the metasurface.
In this metasurface-assisted entanglement scheme, the relevant
input is a polarization-entangled state in the circular basis

|Ψin〉 ∝

�
â†L,aâ†L,b − eiϕâ†R,aâ†R,b

�
|0〉 (45)

that is, a coherent superposition of the two alternatives “both
photons are left-circular” and “both photons are right-circular”
(the relative phase ϕ depends on the controlled input delay).
This state is a NOON-like entangled state in the polarization
degree of freedom.

A PBP metasurface acts as a polarization-dependent router:
within the dominant ±1 diffraction orders, the |L〉 and |R〉
components are deflected into two distinct far-field paths
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Fig. 5. (a) Geometric schematic of the metasurface unit cell. (b) Schematic
of the two-photon state and the positions of detectors with respect to the PBP
metasurface.

(angles) centered at + 10◦ and −10◦, respectively. At the
operator level, this routing can be modeled as

â†L,a 7→ tL ĉ†+, â†L,b 7→ tL ĉ†+, â†R,a 7→ tR ĉ†−, â†R,b 7→ tR ĉ†− (46)

where ĉ†+ and ĉ†− create a photon in the two selected output
spatial modes collected around + 10◦ and −10◦, and tL/R

are complex transfer coefficients (extracted from the full-
wave simulation). Equation (46) assumes that the two input
modes become indistinguishable within each selected diffrac-
tion channel, so that both a and b contribute coherently to the
same output mode.

Applying (46) to (45) yields a path-NOON state in the
selected far-field channels

|Ψout〉 ∝ t2
L

�
ĉ†+
�2
|0〉 − eiϕt2

R

�
ĉ†−
�2
|0〉

∝
�ˇ̌

2+, 0−
˛
− eiϕ′

ˇ̌
0+, 2−

˛�
(47)

which is exactly the transformation “polarization NOON →
path NOON” enabled by the metasurface-induced separation
of circular polarizations. In the subsequent correlation anal-
ysis, the two detectors are aligned with the ±10◦ output
channels, and the two-photon interference arises from the
indistinguishability of the two-photon alternatives in (47).

For evaluating the normalized second-order correlation, we
compute far-field projections onto circular polarization. Using
the spherical transverse components (Eθ, Eφ), the left/right
circular components are

EL =
1
√

2

�
Eθ + iEφ

�
, ER =

1
√

2

�
Eθ − iEφ

�
. (48)

Substituting the circularly polarized far-field amplitudes into
(18) yields

g(2)
LR (r1, r2)

=
ωkHωkV |ERkH (r1) ELkV (r2) + ERkV (r1) ELkH (r2) |2P

l=H,V ωkl |ERkl (r1) |2
P

l=H,V ωkl |ELkl (r2) |2
. (49)

Referring to the structural parameters in [14], the PBP
metasurface unit cell in Fig. 5(a) uses periodicity p = 667 nm,
nanofin height h = 830 nm, length l = 486 nm, and width
d = 219 nm. We assume refractive indices nSi = 3.44 for
silicon and nglass = 2.25 for the substrate at wavelength 1550
nm. The local rotation angle follows the PBP design rule:

θm =
1
2

k0 sin (θt) m p (50)

Fig. 6. (a) Normalized second-order correlation function g(2)
LR(θ1 = −10◦, θ2)

as a function of θ2. (b) Normalized second-order correlation function
g(2)

LR(θ1, θ2 = 10◦) as a function of θ1.

where θt = 10◦ is the desired deflection angle. This yields
a rotation increment of 13.44◦ between adjacent unit cells.
The metasurface consists of groups of 13 unit cells laterally,
arranged into 7 × 7 groups along the x- and y-directions. It
functions as a circular-polarization beam separator, deflecting
|R〉 toward −10◦ and |L〉 toward +10◦; the detection setup is
shown in Fig. 5(b).

We simulate a structure of electrical size 40λ0 × 12λ0 × 2λ0
with a spatial discretization of 62 grids per λ0, resulting in
18 013 710 mesh elements and 54 041 130 current unknowns.
The dense VIE system is solved using FFT-accelerated MVM
and BiCGStab with a parallel block preconditioner. Exploiting
the structural regularity, the volume is partitioned into 7 × 7
blocks, and the preconditioned solves and FFT operations are
executed in parallel on 24 threads [46]. The preconditioner
reduces the solution time from 31.9 to 24 h.

The characteristic aperture dimension D = 40λ0 gives
a Fraunhofer distance RF ≈ 2D2/λ0 = 3200λ0, which
corresponds to ≈ 4.96 at 1550 nm. Since the correlation
functions are evaluated at observation distances well beyond
this threshold, the far-field approximation used in (40) is
well satisfied, providing a reliable basis for evaluating g(2)

observables.
Fixing the azimuthal angles at φ1 = 180◦ and φ2 = 0◦,

Fig. 6(a) and (b) show g(2)
LR(θ1 = −10◦, θ2) versus θ2 and

g(2)
LR(θ1, θ2 = 10◦) versus θ1, respectively. A vanishing corre-

lation g(2)
LR = 0 occurs at θ1 = −10◦ and θ2 = 10◦, indicating

complete destructive two-photon interference (HOM suppres-
sion). The pronounced angular sensitivity of g(2)

LR highlights
its utility as a two-photon probe of the metasurface scattering
response.

We also compute the normalized coincidence counts Ñc(δτ)
at the vanishing-correlation configuration using (27). The
results in Fig. 7 exhibit a characteristic HOM dip, consistent
with the essential features reported in [14]. The simulated
curve is smoother than experimental traces because we assume
an idealized geometry and a quasimonochromatic Gaussian
wavepacket, whereas experimental data are affected by fabri-
cation tolerances, surface roughness, finite detector response,
and background noise. Despite differences in fine-scale ripples,
the dip visibility and delay dependence confirm that the
proposed VIE-based framework captures the primary quantum
interference behavior. As δτ increases and the photons become
distinguishable, Ñc(δτ) approaches unity, corresponding to the
classical (distinguishable) limit.
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Fig. 7. Normalized coincidence counts Ñc between the two detection positions
versus the controlled input delay δτ. The Gaussian width parameter used for
the temporal profile is σ = 1.2.

IV. CONCLUSION

This work investigates far-field two-photon interference
associated with the HOM effect in arbitrary scattering
environments. By combining a quantum photodetection for-
malism with full-wave CEM, we show that the normalized
second-order correlation g(2) and the time-domain normalized
coincidence Ñc(δτ) can be evaluated directly from classical
far-field complex amplitudes computed by a VIE-FFT solver.
The key observation is that, for linear media, the mapping
from incident channels (direction and polarization) to far-field
detection modes is linear at the operator level; therefore, once
the transfer coefficients are extracted from classical scattering
simulations, the two-photon observables follow from normally
ordered correlations.

For a lossless scatterer, the full input-output mapping
between complete sets of asymptotic modes is described by a
unitary multichannel scattering operator, which preserves the
bosonic commutation relations. In our setting only two inci-
dent channels are populated and the observables are evaluated
for two selected far-field detection modes; therefore the oper-
ator mapping can be projected onto this four-mode subspace,
yielding an effective 2 × 2 input-to-output transfer relation
whose elements are directly obtained from the full-wave
computed far-field amplitudes and which leads to closed-
form expressions for g(2) and Ñc(δτ). The ultranarrowband
assumption is used only to treat these transfer coefficients as
approximately frequency-independent over the photon band-
width, so that the temporal-delay dependence enters solely
through the wavepacket overlap function.

Numerical results for a dielectric sphere and a PBP meta-
surface demonstrate pronounced angle-dependent HOM-type
suppression of coincidences. The angular distribution of g(2)

differs fundamentally from classical fourth-order field corre-
lations, highlighting the genuinely two-photon nature of the
interference. Moreover, the frequency-domain observable g(2)

is quantitatively linked to the visibility and shape of the time-
domain coincidence dip Ñc(δτ), allowing one to distinguish
true two-photon destructive interference from trivial zero-
coincidence cases caused by vanishing single-path amplitudes.
We further show that g(2) is highly sensitive to both structural
dimensions and detection angles (e.g., sphere radius varia-
tions and metasurface angular scans), suggesting that far-field

correlation measurements can serve as a diagnostic modality
for retrieving material/structural information and detecting
subtle perturbations in electromagnetic designs.

Future work will extend this framework to lossy and disper-
sive systems (where the scattering description must incorporate
additional bath channels), and will explore correlation-enabled
quantum inverse problems for complex electromagnetic struc-
tures, including multiangle coincidence measurements and
optimization-driven design/inference using g(2)-based objective
functions.
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