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Abstract—Phase information is essential for accurate antenna
characterization, yet it is considerably more difficult to obtain
than amplitude, often requiring costly and complex measurement
setups. Existing Gerchberg–Saxton (GS) type algorithms either
require dual conjugate planes—often unattainable for near-field
data—or tend to converge to local minima when adapted to elec-
tromagnetic problems. In this work, we propose a variational
angular-spectrum GS (VAS-GS) framework that retrieves phase
from two measured near-field amplitude planes via spectral extrap-
olation. The method formulates angular-spectrum propagation as
an adjoint operator, derives a closed-form gradient, and employs an
AdaBelief-driven alternating optimization that iteratively updates
forward and backward planes. Phase retrieval simulations on a
0.3 GHz dipole antenna show fast decay of both error and gradi-
ent, outperforming classical GS, hybrid input–output, and Fienup
methods, and yielding far-field radiation patterns that coincide with
analytical solutions. These results demonstrate that VAS-GS offers
a fast and accurate route to phase retrieval, enabling high-fidelity
antenna analyses.

Index Terms—AdaBelief, angular spectrum, closed-form
gradient, far-field radiation pattern, phase retrieval.

I. INTRODUCTION

PHASE carries essential information in antenna propagation
and signal reception, yet it is notoriously harder to capture

than intensity, which conventional sensors record with ease [1],
[2]. Direct phase measurement typically relies on holographic
or interferometric arrangements that are expensive, bulky, and
inflexible. Consequently, phase retrieval—the mathematical re-
construction of phase from intensity-only data—has become a
pivotal technique in optical microscopy, lensless digital holo-
graphic microscopy, crystallography, and X-ray [3], [4], [5], [6].
In antenna engineering, phase retrieval is equally advantageous,
eliminating complex probes while enabling precise characteriza-
tion [7], [8], [9]. Its relevance spans far-field radiation synthesis
and digital communications, and is particularly compelling for
emerging Rydberg-atom receivers, whose architectures inher-
ently favor intensity detection [10], [11], [12], [13], [14].

Received 29 July 2025; revised 3 September 2025; accepted 6 October 2025.
Date of publication 13 October 2025; date of current version 8 January 2026.
This work was supported by the National Natural Science Foundation of China
under Grant 61975177 and Grant U20A20164. (Corresponding author: Wei E.
I. Sha.)

Xinyi Y. I. Xu, Quan Gao, and Wei E. I. Sha are with the College of Information
Science and Electronic Engineering, Zhejiang University, Hangzhou 310027,
China (e-mail: 1148686574@qq.com; weisha@zju.edu.cn).

Jinpeng Yuan is with the State Key Laboratory of Quantum Optics Technolo-
gies and Devices, Institute of Laser Spectroscopy, Shanxi University, Taiyuan
030006, China.

Digital Object Identifier 10.1109/LAWP.2025.3620873

Modern phase retrieval algorithms are primarily categorized
into alternating projection methods and semidefinite relaxation
approaches. The former category includes classical techniques
derived from the Gerchberg–Saxton (GS) algorithm, along with
its variants, such as the hybrid input–output (HIO) algorithm and
the Fienup linear input–output algorithm [15], [16], [17]. These
methods perform iterative projections between two conjugate
domains to refine the phase estimation. They are simple, fast, and
efficient for real-time computation. However, they frequently
get trapped in local minima and require intensity measurements
from two conjugate planes, which typically correspond to the
image plane and the far-field (diffraction) plane. While such
conditions are easily met in optical systems, direct far-field
measurement is often infeasible in electromagnetic applications
due to propagation limitations. In contrast, semidefinite relax-
ation methods, such as PhaseLift and black-box compression
algorithms, utilize advanced optimization techniques and often
work with intensity data from a single plane [18], [19], [20].
These methods exhibit better convergence behavior but typically
depend on prior knowledge and involve high computational
complexity, which makes them unsuitable for large-scale near-
field antenna phase retrieval. These limitations highlight the
need for alternative approaches. To overcome the limitations of
classical GS variants, we propose a variational angular-spectrum
Gerchberg–Saxton (VAS-GS) algorithm tailored for antenna
near-field phase retrieval. Unlike GS, HIO, or Fienup, which rely
on two measured conjugate planes and simple projections, VAS-
GS employs the angular-spectrum method to model nearfield
coupling between two planes, thereby eliminating the require-
ment for conjugate planes. A closed-form gradient is derived
for the propagation model, enabling physics-consistent updates
and phase refinement is further stabilized by an AdaBelief-based
adaptive optimizer within a bidirectional alternating framework.
This combination preserves the low fast Fourier transform
(FFT)-level complexity of GS while improving convergence
stability and avoiding local minima. Simulations on a dipole an-
tenna confirm that VAS-GS achieves higher reconstruction accu-
racy and far-field fidelity than classical methods, offering a prac-
tical balance of efficiency and robustness for electromagnetic
applications.

II. PRINCIPLES

A. Angular Spectrum Propagation

Classical GS-type algorithms require intensity measurements
on two conjugate planes, which are difficult in antenna systems.
To overcome this limitation, we employ the angular-spectrum
method to broaden the measurement constraints, enabling phase
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Fig. 1. Schematic diagram of the proposed model. A dipole antenna is used as
the test case. Amplitude data from two near-field planes are sampled and used
by the VAS-GS algorithm for iterative phase retrieval. The far-field radiation
pattern is reconstructed from the recovered phase and measured amplitude.

retrieval from two nonconjugate near-field intensity measure-
ments while retaining the GS-type iterative structure [21], [22].

Let the complex electromagnetic fields on two planes in
space be denoted as u1(x, y) and u2(x, y), which contain both
amplitude and phase information illustrated in Fig. 1. The an-
gular spectra of these two planes correspond to the 2-D Fourier
transforms of the time-harmonic fields

ũj (fx, fy) = F {uj(x, y)} (fx, fy) , j = 1, 2. (1)

Here, fx and fy represent the spatial frequencies in the x- and
y-directions, respectively, and fz denotes the spatial frequency
in the propagation (z) direction. Let k be the wave number and
λ be the wavelength. The spatial frequencies are related by f2

x +

f2
y + f2

z = ( k
2π )

2
= ( 1

λ
)
2
. Therefore, the angular spectra of two

planes ũ1 and ũ2 are connected with the transfer function H

ũ2 (fx, fy) = ũ1 (fx, fy)H (fx, fy, z)

= ũ1 (fx, fy) e
−i2πzfz(fx,fy). (2)

Consequently, the fields u1 and u2 satisfy the angular spectrum
propagation relation

u2(x, y) = F−1 {ũ2 (fx, fy)} (x, y)
= F−1 {HF {u1(x, y)} (fx, fy)} (x, y). (3)

B. Gradient Derivation

In Section II-A, we have shown that u1 and u2 are related
through a Fourier transform, followed by multiplication with a
transfer function H , and then an inverse Fourier transform. We
denote this process and the inverse process as the operator T and
T †, thus

T (·) = F−1[HF(·)] T †(·) = F−1[H∗F(·)] (4)

where ∗ represents the complex conjugate. The Fourier operator
F , here, is unitary, satisfying F−1 = F†, and F is also an
adjoint operator satisfying 〈F(·), ·〉 = 〈·,F†(·)〉, which is the
well-known Parseval theorem. To rigorously derive the gradient
formula under the angular spectrum, we must first verify that T
is an adjoint operator as well [23], [24]

〈T (u1), u2〉 =
〈F−1[HF(u1)], u2

〉
= 〈HF(u1),F(u2)〉

(5)〈
u1, T

†(u2)
〉
=

〈
u1,F−1[H∗F(u2)]

〉

= 〈F(u1), H
∗F(u2)〉 = 〈HF(u1),F(u2)〉 . (6)

So 〈T (u1), u2〉 =
〈
u1, T

†(u2)
〉
, we confirms that T is indeed

an adjoint operator.
Let the amplitude distributions on the two planes be denoted as

|u10| and |u20|, respectively. The complex fields are represented
as u1 = |u10|eiφ and u2 = T (u1), where φ denotes the initial
phase and serves as the variable to be optimized. The objective
function can be expressed as

J(φ) =
1

4

∫ (
|T (u1)|2 − |u20|2

)2

dx. (7)

We perform variational analysis on u1 and u2 with respect to
the phase φ, applying the chain rule

δu1 = δ(|u10| eiφ) = |u10| eiφiδφ = iu1δφ

δu2 = T (δu1) = iT (u1δφ). (8)

Then

δJ =
1

2

∫ (
|T (u1)|2 − |u20|2

)
δ
(
|T (u1)|2

)
dx (9)

δ
(
|T (u1)|2

)
= δ(u∗

2u2) = u∗
2δu2 + δu∗

2u2 = 2Re(u∗
2δu2)

= 2Re [iu∗
2T (u1δφ)] = −2 Im [u∗

2T (u1δφ)] . (10)

Next, we have

δJ = − Im

∫ (
|T (u1)|2 − |u20|2

)
u∗
2T (u1δφ)dx

= − Im

∫
T †

[(
|T (u1)|2 − |u20|2

)
u2

]∗
u1δφdx

= Im

∫
T †

[(
|T (u1)|2 − |u20|2

)
u2

]
u∗
1δφdx. (11)

Finally, the gradient is expressed as follows, which guides the
updates along the steepest descent of the objective and mitigates
both stagnation and spurious convergence

δJ

δφ
= Im

{
u∗
1T

†
[(

|T (u1)|2 − |u20|2
)
u2

]}
. (12)

C. Algorithm Framework

To tackle the problem of slow convergence and fixed learning
rates inherent in standard gradient descent [25], we adopt the Ad-
aBelief algorithm [26], which replaces the exponential moving
average (EMA) of the squared gradient in Adam with the EMA
of the squared deviation between the gradient and its prediction,
introducing a confidence-based update mechanism [27]. This
enables larger steps when gradients are reliable and smaller
steps when deviations occur, achieving both fast convergence
and generalization performance comparable to gradient descent.

The update steps at iteration t are as follows, where the first
two steps are referred to as the first-order and second-order
moment estimates, respectively

mt = β1mt−1 + (1− β1)
δJt
δφ

st = β2st−1 + (1− β2)

(
δJt
δφ

−mt

)2

+ ε. (13)
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Here, mt denotes the EMA of the gradients, and st is the EMA
of (gt −mt)

2. β1 and β2 are the smoothing parameters, and ε
is a small constant. Bias correction and parameter updates are
then performed, where the superscriptˆdenotes bias-corrected
estimates

m̂t =
mt

1− βt
1

ŝt =
st

1− βt
2

. (14)

As a result, we update φ by

φt = φt−1 − αm̂t√
ŝt + ε

(15)

where α is the learning rate. A smaller α ensures stable updates
given the oscillatory nature of electromagnetic fields, while β1

and β2 were adjusted to balance convergence speed and stabil-
ity. We choose them following the standard recommendations
in [26] with minor empirical tuning.

To further enhance convergence and enforce consistency be-
tween the two field planes, we adopt an alternating optimization
strategy in which both planes serve as independent optimization
targets. This strategy consists of a forward loop and a backward
loop, iteratively updating u2 from u1, and vice versa. The for-
ward iteration process and its associated gradient computation
have already been detailed in Section B. The gradient compu-
tation for the backward iteration follows the same variational
principle and can be obtained analogously

δJ ′

δφ
= Im

{
u∗
2T

[(∣∣T †(u2)
∣∣2 − |u10|2

)
u1

]}
(16)

where u2 = |u20|eiφ′
, φ′ is the updated phase, and J ′ =

1
4

∫
(|T †(u2)|2 − |u10|2)2dx, u1 = T †(u2).

Using the above idea, we adopt the AdaBelief algorithm
within each direction of the alternating optimization. The
flowchart of full algorithm proceeds as follows and is summa-
rized in Fig. 2. The input consists of the amplitude distributions
|u10| and |u20| on the two planes. Phase initialization is then
performed, with three options, including random, zero, or hy-
perbolic phase distributions. The user specifies the number of
inner loop iterations n, outer loop iterations N , and whether
zero-padding is applied.

The optimization begins with the forward loop, where u1 is
used to estimateu2. This involves angular spectrum propagation,
gradient computation via the variational method, and AdaBelief-
based updates, including bias-corrected first and second-order
moment estimates, followed by phase updates. This process is
repeated for n iterations. Then, the backward loop uses the
updated u2 to refine u1 through the same sequence of op-
erations with repeated n times. These forward and backward
loops alternate for a total of N outer iterations. At the final
stage of the process, the algorithm outputs the reconstructed
phase and the corresponding complex field distributions. This
bidirectional implementations, combined with adaptive gradient
control, enables robust convergence and symmetric treatment of
planes.

In each inner loop iteration of the proposed algorithm, as
previously discussed, the main computational cost is dominated
by the 2-D Fourier transforms required for angular spectrum
propagation, while the availability of a closed-form gradient
further streamlines the update process. Therefore, for a field
represented as an M ×M square matrix, the periteration com-
plexity of the algorithm is O(M2 logM). This is comparable to

Fig. 2. Algorithm flowchart. The blue section indicates the data preprocessing
module, the green section corresponds to the iterative optimization module, and
the purple section represents the final application module.

that of traditional GS-type algorithms, including GS, HIO, and
Fienup, and does not introduce additional computational burden.

III. RESULTS AND ANALYSIS

Using a dipole antenna operating at 0.3 GHz as a test case,
we generate two near-field amplitude planes at propagation
distances of z1 = 1 m and z2 = 2 m and also compute their
corresponding phases as analytical references—a method em-
ployed in [28] and [29]. Each plane covers an area of 20 m ×
20 m, with a sampling interval of 0.1 m. To suppress bound-
ary artifacts without excessively increasing FFT computation
time, we evaluate the effect of zero-padding—a technique that
augments the sampling window by adding a border around
the measured plane—typically enlarging it by 50%–80% [28].
The optimization parameters are configured as: α = 0.0008,
β1 = 0.75, β2 = 0.9999, ε = 10−8, n = 1000, and N = 10.

In Fig. 3, we present the reconstructed real part of u2 at
each outer iteration to illustrate the evolution of phase retrieval.
The initial phase is set to a hyperbolic distribution. It can be
observed that the proposed algorithm consistently converges
toward the reference phase with each iteration, gradually refining
the estimate to a satisfactory solution.

To quantitatively validate the convergence trend, we present
the gradient magnitude and relative error between the recovered
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Fig. 3. Comparison of the real part of the recovered field. (a) Real part with the
initial phase. (b)–(d) Real parts at iteration 1 to 3. (e) Final result. (f) Reference
real-part distribution.

Fig. 4. Evolutions of reconstruction error and gradient over iterations.
(a) Forward propagation. (b) Backward propagation. Solid lines (left y-axis)
represent the relative error between the measured and reconstructed amplitudes
as a function of iteration count. Dashed lines (right y-axis) represent the gradient
magnitude. Colors denote the outer loop number: blue (first), red (second), green
(third), and purple (fourth).

and analytically obtained amplitudes for both forward and back-
ward propagation steps, from iterations 1 to 4 in Fig. 4. As shown,
both the gradient and the reconstruction error decrease rapidly in
each direction, eventually stabilizing. In addition, these metrics
show a consistent downward trend across successive iterations,
which is consistent with the visual improvement observed in
Fig. 3.

To demonstrate the superiority of our method over traditional
GS-based algorithms, we provide a comparative analysis of
phase retrieval results under different methods and initialization
conditions, as shown in Fig. 5. Fig. 5(a)–(c) shows the results
of classical GS-type algorithms. It is evident that the basic GS
algorithm fails to handle the near-field propagation scenario. The
HIO algorithm provides slightly better results, and the Fienup
algorithm performs somewhat better still. However, all three
exhibit substantial error and tend to stagnate in local minima,
preventing further improvement through continued iteration.
Fig. 5(d)–(f) evaluates the effect of different initial phases us-
ing the proposed VAS-GS method without zero-padding. The
hyperbolic initial phase demonstrates better adaptability, which
provides a more continuous initial distribution [30], although
some artifacts appear near the image boundaries. These artifacts
are significantly suppressed by applying the zero-padding, as

Fig. 5. Phase retrieval results under different algorithms and conditions.
(a) GS algorithm. (b) HIO algorithm. (c) Fienup algorithm. (d)–(f) Results of
the proposed VAS-GS algorithm without zero-padding using zero phase, random
phase, and hyperbolic phase initialization, respectively. (g) Result of VAS-GS
with hyperbolic initialization and zero-padding. (h) Phase reference.

Fig. 6. Reconstructed far-field radiation patterns. (a) H-plane of the far-field
radiation pattern. (b) E-plane of the far-field radiation pattern. The red solid line
indicates the result computed using the recovered phase, while the green dashed
line represents the ideal far-field pattern.

illustrated in Fig. 5(g), yielding an improved reconstruction.
Fig. 5(h) shows the ideal reference phase distribution.

To further validate the correctness of the recovered phase,
we use the final results to reconstruct the far-field radiation
pattern by near-to-far field transformation method [31], [32],
[33], and compare it against the theoretical ideal pattern in Fig. 6.
The agreement between the two confirms the accuracy of the
retrieved phase and the effectiveness of the proposed method.
In addition, we validated the algorithm at other frequencies as
well as with more complex orbital angular momentum beam
examples. All corresponding codes are provided at [34].

IV. CONCLUSION

In this letter, we propose a phase retrieval method tailored
for antenna systems, leveraging angular spectrum propagation,
and alternating optimization. The algorithm enables accurate
phase reconstruction using only near-field amplitude measure-
ments, avoiding reliance on far-field data. By formulating a
closed-form gradient and incorporating the AdaBelief adaptive
forward–backward iteration, the method enhances convergence
stability and recovery precision. Validation through a dipole an-
tenna example demonstrates superior performance over classical
GS-type algorithms. These results highlight the potential of the
proposed approach for efficient, high-fidelity phase retrieval in
antenna applications.
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